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1 Introduction

On the Improvement of Vibration
Mitigation and Energy Harvesting
Using Electromagnetic Vibration
Absorber-Inerter: Exact H,
Optimization

Electromagnetic resonant shunt tuned mass damper-inerter (ERS-TMDI) has recently been
developed for dual-functional vibration suppression and energy harvesting. However,
energy harvesting and vibration mitigation are conflicting objectives, thus rendering the
multi-objectives optimization problem a very challenging task. In this paper, we aim at
solving the design trade-off between these two objectives by proposing alternative configu-
rations and finding the model with the best performance for both vibration suppression and
energy harvesting. Three novel configurations are presented and are compared with the
conventional ERS-TMDI. In the first two configurations, the primary structure and the
absorber are only coupled through the spring. Both inerter and electromagnetic devices
are connected to the ground in the first configuration, whereas only the inerter is connected
to the ground in the second configuration. The third configuration is inspired by the recently
developed three-element vibration-inerter (TEVAI), but in this case an electromagnetic
device is sandwiched in between the primary structure and the absorber. Closed-form
expressions are presented for optimum vibration mitigation and energy harvesting perfor-
mances using H, criteria for both ground and force excitations. The obtained explicit
expressions are validated using MATLAB optimization toolbox. Simulation examples reveal
that the first configuration performs the best, whereas the second performs the worst in
terms of both vibration mitigation and energy harvesting. It is also demonstrated that
replacing the series RLC with a parallel circuit can improve or degrade the vibration mit-
igation performance, but it constantly enhances the energy harvesting performance in all

four models. [DOI: 10.1115/1.4044303]
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Various strategies have been explored to address this detuning

Many engineering structures and components such as bridges,
power lines, buildings, airplanes, and cars are usually plagued
with unwanted vibrations, making them prone to fatigue failure.
The most common passive strategy for mitigating these unwanted
vibrations is to attach tuned mass damper (TMD), namely, vibration
absorbers, to the main structure such that significant kinetic energy
from the primary structure is transferred to the attached vibra-
tion absorber [1-3]. Numerous researchers have employed various
optimization techniques such as the fixed point, H,, and H,
methods to optimize the design parameters of TMDs, thereby
improving the performance of TMDs [4]. Ormondroyd and Hartog
[4] and Brock [5] are among the first investigators to present
explicit expressions for optimal TMD stiffness and damping pro-
perties using the “fixed point” theory. Their proposed closed-form
expressions are widely employed in TMD design for vibration
suppression.

Despite their wide practical usage, TMDs suffer from detuning
problems, which is partly due to uncertainties and variations to the
dynamic properties of the primary structure over time [6-8].
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problem. One such technique is to exploit the benefit of stiffness
and damping nonlinearities for widening the operational fre-
quency range [9,10]. Other strategies for enhancing TMD perfor-
mance and robustness include attaching multiple TMDs in parallel
[11-13], or in series configurations [14], and/or increasing the
mass of TMD [8]. The larger the mass of the vibration absorber,
the more effective an optimally designed linear TMD is for sup-
pressing vibration of the primary structure and more robust to
detuning effects [8,15]. However, this advantage comes at a
huge cost of an increase in total weight of the overall vibration
absorber device.

To address the aforementioned trade-off, TMDs can be coupled
with an inerter device [16], which is a mass amplification device
with negligible physical weight. An inerter is a two-terminal fly-
wheel mechanical device, which provides a force proportional to
the relative acceleration of its two terminals. When coupled with
TMD, an inerter increases the inertia of the TMD without increasing
the overall weight of the controlled structure [8]. The earliest inerter
implementations consist of a rack-pinion or ball-screws mechanism
to drive the rotating flywheel. The performance of such flywheel-
based inerters is therefore dependent on the number of gears and
gearing ratio used to drive the flywheel [8,17]. The concept of cou-
pling vibration absorber or isolators with an inerter is not new. For
many years, researchers have employed inerters for improving
vibration suppression in cars [18-20], railways [21,22], and many
civil engineering structures [23-25]. It has been demonstrated that
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an optimum designed configuration of a tuned mass damper-inerter
(TMDI) can perform much better than an optimum designed classi-
cal TMD in terms of vibration mitigation of the primary structure
[8,17]. This kind of passive control device works as a two-terminal
device in which their two terminals are free to move relative to each
other, producing a force proportional to the relative acceleration of
its terminals. Two different configurations of inerters such as rack-
pinion [22] or ball screw [26] have been widely used in passive
vibration controller in order to convert the relative linear motion
to rotational motion by means of an object such as flywheel with
a large moment of inertia. Based on the size of flywheel and
gearing ratio, the inerter can produce an apparent mass hundred
times larger than the physical mass [27,28].

Numerous investigators have also incorporated electromagnetic
and/or piezoelectric transducers in TMDs for the potential of simul-
taneously harvesting energy and suppressing vibration [29,30]. The
transducer selection depends on specific applications. Piezoelectric
transducers are limited to small-scale energy harvesting applica-
tions, while electromagnetic motors are suitable for large-scale
energy harvester applications such as civil structures and shock
absorbers [31]. The general idea for simultaneous energy harvest-
ing and vibration control is to replace or to complement the
mechanical damping element by an electromagnetic device so
that all the energy is not dissipated through the device as heat,
but rather the energy is recovered electrically and then stored in bat-
teries. The generated energy can then be used to achieve self-
powered semi-active/active vibration control or/and to power wire-
less sensors for structural health monitoring [29,32-34]. However,
it is well documented in the literature that energy harvesting and
vibration mitigation are two conflicting objectives [35,36]. For
instance, the closed-form expressions for maximum energy harvest-
ing and vibration suppression presented in Ref. [35] clearly show
an inverse proportional relationship. This design trade-off is obvi-
ously dependent on the way the vibration absorber is connected to
the primary structure. To relax this design trade-off, a novel config-
uration was proposed in Ref. [23]. The proposed configuration
named energy harvesting enabled tuned mass-damper-inerter
(EH-TMDI) couples the classical TMD with a grounded inerter
connected in series with a standard electromagnetic device and
the mass of the vibration absorber. It should be noted that the elec-
tromagnetic device is only connected to the inerter and the absorber
instead of being sandwiched in between the primary structure and
the TMD.

Inspired by the EH-TMDI configuration presented in Ref.
[23], the three-element vibration-inerter (TEVAI) in Ref. [37],
and the electromagnetic shunted with an RLC circuit in Ref. [36],
we seek to further develop an EH-TMDI with improved vibra-
tion control and energy harvesting capabilities using various
configurations. The proposed configurations include (i) a grounded
electromagnetic resonant shunt tuned mass damper-inerter (GERS-
TMDI) in which the electromagnetic transducer is grounded on one
side and connected to the vibration absorber on the other;
(ii) three-element electromagnetic resonant shunt tuned mass
damper-inerter with series connection (TE-ERS-TMDI-S), in which
the electromagnetic transducer is connected in series to the
grounded inerter on one side and to the absorber on the other side;
(iii) three-element electromagnetic resonant shunt tuned mass
damper-inerter with parallel connection (TE-ERS-TMDI-P), in
which the electromagnetic transducer is sandwiched in between the
absorber and the primary structure; and (iv) the conventional
ERS-TMDI [36,38,39]. The primary structure is subjected to both
ground and force excitations. The GERS-TMDI and the series and
parallel TE-ERS-TMDIs configurations are presented for the first
time in this paper. The difference between the EH-TMDI in
Ref. [23] and our proposed GERS-TMDI is that here both the iner-
tance and the electromagnetic transducer are connected in parallel,
whereas, they are connected in series in Ref. [23]. Also in
Ref. [23], no explicit expressions were found for energy harvesting
and vibration suppressions. Different from the proposed
GERS-TMDI, the configuration in Ref. [36] had the electromagnetic
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device sandwiched in between the primary structure and the TMD,
making the relaxation of the design trade-off between energy har-
vesting and vibration suppression impossible to achieve.

Also, the recently published TEVAI configuration [37] is differ-
ent since it is only a mechanical vibration absorber, whereas the
proposed series and parallel TE-ERS-TMDIs are electromechani-
cal absorbers capable of simultaneously harvesting energy and
suppressing vibration. Also, none of the works in the literature
examines parallel circuit configuration. Here, for the first time,
(1) we derived closed-form expressions of optimum energy har-
vesting and vibration suppression of three novel configurations
under both harmonic and ground excitations and (ii) we examined
both parallel and series RLC circuit configurations. The optimum
expressions were analytically obtained using H, optimization and
then validated using MATLAB optimization toolbox. Simulation
examples are provided to compare the performance of the different
configurations and the results show that the GERS-TMDI design
possesses the best performance in comparison with the other
models. Parametric studies are then carried out to examine the
effect of mass and inertance ratios on the performance of the
GERS-TMDI model. Numerical simulations are also presented
to compare the influence of series and parallel RLC circuits on
all models.

2 Mathematical Modeling

A schematic of the rack-and-pinion-flywheel-based inerter is
depicted in Fig. 1. Such an inerter consists of rack and pinion
gearing system connected to a flywheel. The rack-and-pinion trans-
forms the translational kinetic energy associated with the relative
motion of the device terminals into a rotational kinetic energy of
a small physical flywheel mass. All four ERS-TMDI configurations
depicted in Fig. 2 employ a rack-and-pinion-flywheel-based inerter.

The primary structure m; with a linear spring k; and damping
coefficient ¢, is coupled with the ERS-TMDI of mass my and stiff-
ness k7. The inertance of the system, denoted by b, is grounded at
one end and connected to the absorber mass at the other end. The
resistance, inductance, and capacitance of the electrical circuit are
denoted by R, L, and C, respectively. The electromagnetic trans-
ducer is installed in four different configurations: (a) electromag-
netic transducer is grounded on one side and connected to the
TMD on the other; (b) electromagnetic transducer is connected to
the base structure via an extra spring k, on one side and to the
absorber on the other; (c) electromagnetic transducer is sandwiched
in between the absorber and the inerter; and (d) electromagnetic
absorber is sandwiched in between the primary structure and the
absorber [36,38,39].

3 H, Optimization for ERS-TMDI Configurations

In this section, explicit expressions for the optimum parameters
of the four ERS-TMDI models are presented using the H, norm
criteria.

3.1 GERS-TMDI Configuration. The governing equations
of motion of the coupled system presented in Fig. 2(a) with a
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Fig. 1 Schematic of inerter with rack and pinion mechanism
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Fig. 2 Schematic diagram of host structure with ERS-TMDI absorber:

(c) TE-ERS-TMDI-S, and (d) ERS-TMDI
series RLC circuit subjected to force (F),) and ground (¥,) excita-
tions can be obtained as

mgXs + CoXy + kX — kp(xr — X5) = F,, — mgi,

(1a)

(mr + b)ir + kr(x7 — x5) + kfl =—(mp + b)xg (1b)

—kyir +R1+L1'+%j1dz=o (1¢)

Applying Laplace transform into Eq. (1) and considering the
primary structure undamped (c;=0), the equations of motion
become

(ms® + kg + k)X, — krXp = F,, — mys°X, (2a)

Journal of Vibration and Acoustics

ksé Cs i C

(b)

(d)
1
e R
k > EMF$
3 fEMFH}i L
G
By Xs
L L J
R mg i
o s L1Cs b

N\

(a) GERS-TMDI, (b) TE-ERS-TMDI-P,

—krX; + (mr + b)s* + kp)X7 + kel = —(mr + b)s’X,  (2b)
kysX +RI+LI+I =0 (2¢)
vSAT N Cs = C
Equation (2c¢) can be written as
ks
I= k—ih(XT) 3)
f
where
P Ga) 4
9 =" . 2 ( )
(jor* + 28 fe(ja) + f;
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Substituting Eq. (3) into Eq. (2) and dividing them by &, the non- Table 1 Definitions of parameters used in the dynamic
dimensional equations of motion reduce to equations
. F, X Data Definition
[ + (L + WX, = fluXe =22 = =5 (5a)
’ s [0} Excitation frequency
" . , b ws = /ks/m;  Natural frequency of the primary structure
. _ 8
—SfruXs + w(ja)y u+fp+ qilX = ) (Ob) @, = Jkr/mr Natural frequency of the tuned mass
s
. . . w, =1/+/LC  Resonant natural frequency of the circuit
The parameters used in the dynamic of the system are defined in = mlm, Mass ratio of the tuned mass to the primary structure
Table 1. (mass ratio)
Here, k, and kg are the voltage and force constants of the electro- 5= p/m, Mass ratio of the inertance to the tuned mass (inertance
magnetic transducer, respectively. ratio)
w=0+1
3.1.1 Force Excitation. Following Ref. [35], the optimum f.=ww, Mechanical tuning ratio
parameters of f7, fo, i, and ¢, to minimize the vibrations of the £ =/, Electrical tuning ratio
primary structure (x,) caused by the force excitation, F,/k, can be 4= g/w, Normalized frequency
obtained as follows: {,=RIQ2Lw,)  Electrical damping ratio
L™ |X(ja) 2 i = kekeJlerL Electromagnetic mechanical coupling coefficient
PI = 2_J F da (0) k, Voltage constant of the transducer
7T)_o w/ K
kr Force constant of the transducer
where (X;(ja)/ K,)/F,, is the normalized transfer function and is K, =’1;_ Relative stiffness
given as ‘
X,(jo) K, _ By(ja)* + B3(ja)’ + Ba(ja)* + Bi(ja) + By o
Fu  Ag(ja) +As(ja)’ +As(ja)' +As(ja)’ +As(j)? + Ai(ja) + Ao
where
As =y
As =2, Bi=y
Ay=y +f? +f,2ﬂ1§ + 2w +{”,2m// By=2fyl.
/33 = gfev/Ce + Zfeﬂ2§3+ 2)}1‘, WCez , By=f7+/, e +fow ®)
e R e R e e B =2 <.
AL =2/f7C, By =J1;
A() - f;)Zf;Z

Applying the residue theorem [40] into Eq. (6), the performance index (PI) can be obtained as

PL=(Ff wy + 111 = 202w + £ + L1 e = 2020 i+ A1 = 220 + AL = 212w + 212w = 82wl
FAL I + AT = 2R + £ = 2 ey — g + 2 e+ 22 = 2y = 22w+ ) Ao (9)

Setting the derivation of PI with respect to design parameters to zero, we obtain

OPI _,  OPI_ oPI oPI
o om T of T O,
The four gradients’ equations can be then obtained as
oPI
T = WL+ 120 = VRGN = 2 = 2 = 4
Jt
A + 82w — 67w + LRyt = 2 e = w4 £ 2 w4 £+ ARy — Ay — A+ 3p7) =0
oPI
e = FAL I =SSR YR S = 2 R = 2 = 2 A = 20
k
—f = £+ 1+ 2 = 2w+ w?) =0
oPI
o = W = SR+ ARR I + 0+ GRSy + 306 - O+ 3 S i = 2 e = 2 = 2 A

+ 212wy + AR = 2f R — e+ 2w + ey — £ = 2 e = £ = 2y 4 2f e + 2f Py — ) =0

10)

(11a)

(11b)

(11¢)
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oPI
% (=421 = 421wy = A2 + 822G + (g + 1 = 2802w + 5w + £ = 200 e = 228 = 20wy 1)

+ 212 2w + A2 2w = 21297 + £t = 2 e — e + £+ 2f e + 1+ 217wyt = 2Py = 2f Py + 9P =0

Using the four gradient equations above (Eq. (11)) with some algebraic manipulations, one can obtain an expression in terms of just one
variable, in this case f;, by following the seven steps described below

(1) Express Cg in terms of other parameters using Eq. (11b) as {5 =f(fts fos Pps 1> W).
(2) The obtained equation from Step (1) can be substituted in the other three equations (i.e., 11a, 11¢, and 11d). The resulting equations
are in terms of parameters f;, f,, p, f, and y and can be expressed as

4fg4f;8/“// + 4fe4ft8 + 6.](;:4.];6/421//3 _ 6f:ﬁ6ﬂll/2 _ 24f:ﬁ6w _ Sf;lft4ﬂy/3 + 48f:1f;4w2 + 10fg4ft2/u//4 _ 40f;z4j;21//3
+ 1200 + 22w + AL e — 82 iy — 8F2f e — 82 — 6F 2 = 2412wy
+ 362w + A8y = VO 1Py + 1612 e + 642wy — A8F21 iy = 96f 21w — 40f2 Py
+20F2 12y + 8Oy = 2417wt + AP = 8y — Ay + AN+ 8w+ AF + o iy
— 121507 wy” = 18F° 1y + 6f gy + 36f ey + 30wy — 121 gy — 36f upw — 2410y + 24f Pyt
= 32 gy — 56F uy? + 8F iy + A8 wa* + 48F v + 30F 2yt — 20F 7w — 40F2y + 12y* =0

(o = 2 i+ 42w = 2 = 207 + 21260+ 2297 + 2 ey — 422y — 2 + 22y =0 (12)

(12a)

2 = APy + 28+ 207 AR 2L = AR 20 = 2y = 2w = 2 e+ 82w = Ay 120
C
FAf2uy? + 2w = AL = 2w + Lo f iy 2w + 22 =0

(3) Similar to step 1, write y; in terms of the rest of the parameters using Eq. (12b) such as p,=f(f;, fo, 4, @)
(4) The obtained equation from step 3 can be substituted into the other equations (Egs. (12a) and (12¢)) and can be written as

2fe4.f;10ﬂsl//3 _ 2fe4 ftloﬂzwz _ 8fg4f;m/’“l/ _ 8fg4ffl0 _ 12f; ;8/42'//3 + 16f:f;8/f“l/2 + 32fg4f;8W _ 2f;1ftﬁﬂ2w4 _ 8]:54]36#1//3
—48£ 0 + 32L N = 8E 2 + A2 = A2 = 2482 Oy + 8FF0 = 16£2 5 + 162y
+ 802/ — 8728y + 2872 ity — 1042 uy — 481210y — 821 Py + 442y + 11282y
_ 88f62 ftzll/4 + 24]0821//5 _ 4ﬁ12ﬂ3lllz + 4ﬁ12/421// _ 4ftl2/4 _ 6f,loﬂ4vl4 + 18]310/431//3 _ 14]310”21//2 + 24ftlolﬂll
+ 8F8 12y — A8fSpy? — 2418y — 6f iyt + 160y + 96f0y? — 8f ity + 36f yt — 1441y
— 24f2 g + 96f 7yt — 24y° =0

(13a)

L+ + 2w =)+ fw® = fruw + £ = 22w +y* =0 (13b)

(5) Write parameter f, in terms of the other parameters by means of Eq. (13b) such as f, =f(f;, u, w).
(6) Substitute the obtained equation from Step (5) in Eq. (13a) and the resultant equation can be written in terms of the optimum param-
eter f; and the two other design parameters y and y as follows

o’ =309 + [Py = 4f° = 205297 + 2 + 12f g = 32y — 12797 +4y?) =0 (14)
(7) Solve the above third-order polynomial equation (Eq. (14)) h= _szz +uy +6 (16d)
to obtain the optimum parameter f,, which can be written
as 1
8yl 29 Py + ()
[& T Ty T @ ) 1
S =\~ (15) g
Where B=ppr (139" + 2y — 143y +48)  (16)

. Bi \ 4yh B
A=A+3%<Ai ’>+l

- 3 +to 5 (16a) The other three optimum parameters f,, uz, (. can be
9Ag 3¢ 9Ag obtained by using the equations obtained from steps 5, 3,
and 1, respectively, and can be expressed as

r= /=313 (68133 + 84922 — 3360y + 256)  (16b)

topt Topt Topt Topt

—f* +M[§Ply/2+2 2y —y?

Topt

amn

Topt

S0 22 R
f;fopl_

g =y =3y’ + iy -4 (16¢)
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2” Z,f:p[‘l/‘*‘z 2f4 _ Zﬁzp‘w+2f2 ll/2_24 _2” 2 l//2+4 2 W_zy/Z

€op €opt’ Lopt €op €Copt Topt Topt Topt ( 1 8)

Hfr(’ —Df4 +2l,l/2

opt Topt Topt

Hioe = —

C"um = ((ﬁtprﬁfpl” L4 +f:tprf:p| - Zf;iprﬁfp‘w +f3

2 2 16 2 r4 2,4 2 72 2 2 2
W Loty = Yooty — Hewon = FoiohV™ + U Ji W

opt opt €op, €op €op:
+Afo fow =26 WP o i =20 g = S i+ 2 g, e+ 2 0 = 2 v (19)
1
- 2‘]{?«2»;“1’/ + ‘//2)/(4 32«»;1\](:111 + 4” fznprffnzvpth - 8 e%vprﬁizvplw + 4 Zupt Wz))2

3.1.2  Ground Excitation. In this section, explicit expressions for the optimum parameters of the GERS-TMDI configuration subjected
to the ground acceleration X, is presented.
The performance index of the system can be written as

1 (® | X
Pl = —j Kb (20)
2z —00 Xg(JOl)/CU§
The normalized transfer function is given as

X(ja) By(jo)* + B3(ja)’ + Ba(ja)* + Bi(ja) + Bo on

X,(jw/a?  As(ja)® +As(ja)’ + As(ja)* + Az(ja)’ + Ar(ja)® + Ai(ja) + Ao
where

Ag=y
As =2fy(, Bi=y
Ay=w +u + 2w + 2+ fruy B3 =2f.y(,
Ay =28y +f7 + [ uy) By = fRuy +f2w + 7+ fuy (22)
Ay =Ry + 2w + 12+ 7+ + P2y | By= 20 P (uyr + 1)
Ay =26f7C, Bo = f2f (uy + 1)
AO =f;’2ft2

Similar to the procedure described in Sec. 3.1.1, the final polynomial equations in terms of parameters f, 4 and y can be
obtained as

l//(f[4,u3l//2 + 2f[4luzlll +f;4/4 _ zf;zﬂl// _ 2‘}(;2 + 21//)2(2]0[8 ”5 WS + 1Of;8 ”4ll/4 + 20ﬁ8ﬂ3l//3 + 20]0[8’“21//2 + 10];8”1// + 2f;8 _ 3‘](;6”4!//5

(23)
_ 13](;6”3'”4 _ 21ﬁ6ﬂ2y/3 _ lef/tl//z _ 4f;6y/ +j;2,u3l//6 + 2];2/42‘-//5 +f;2/'“p4 + 4‘)(;21//3 _ 2M2y/6 + 4/“//5 _ 2y/4) =0

Solving Eq. (23) gives two sets of four optimum parameters. Each set can give a global or local minimum related to PIL
The first set can be obtained by solving the expression in the first parenthesis of Eq. (23)

_mp+ 1= (uy + Dr
i = Vo Gy + 1Y e

i \/ 2 + 2y + V(L — ) + iy G — ity = 2
€opt T

25
G+ Dr@ = p2y?) + 2y 2+ S+ 2y = 2 @
= 2O =y 4 Sy = 4) + 20 Gy + 4y + Sy = Dy = 4) 26)
oo 2ty Wy + 6Py + Ty — 4)
¢, = —((64uy—32qr + 1124%y > —184u >y 194 yw* + 1561°y° + 1638y 270"y - 4848y B —610y° + 3Oy 10 + iyt
+ 64uyqr + 647y qr— 12013y gr-T0u w* gr + 64u vy gr + 3640w O qr — 8"y gr— 64y B gr-32)Qqr + 2¢°° o7

+ 150797 + 9y — 106ty =107y — Oy + 1y + pyqr — pyp P =3Py gr-4 R qr — ptytqr
+ oW gr-4)/ Qi ¢ (wy + Dy + 2y -1 (—y? + 207y + py—4))
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where
r=+/1-2uy (28a)
g=py +1 (28b)

Solving the expression in the second parenthesis of Eq. (23)
results in the second set of optimum parameters. The obtained
expressions are lengthy; therefore, for the sake of brevity, only
the optimum expressions (Egs. (24)—(27)) are presented here and
the accuracy of them will be checked using MATLAB optimization
toolbox.

3.2 TE-ERS-TMDI-P Configuration. The governing equa-
tions of motion of the coupled system presented in Fig. 1(b) and
subjected to force and ground excitations can be obtained as

mgXs + CoXy + koXs + k(g — X7) + ke(xg — Xo) = =gk, + F),

(29a)
(mr + b)ir + kr(xr — x5) + kel = —(mp + D)X, (29b)
=kl + ko(x, —x5) =0 29¢)
.1
ky(x, — %)+ RI + LI + Ejldt =0 (29d)

Xs(jo) ks _

By(ja)* + B3(ja)’ + Ba(ja)* + Bi(ja) + By

Applying Laplace transform into Eq. (29) and considering the
primary structure undamped (c;=0), the equations of motion
become

F, X
(Ve + (L +f7 ) + KX = X = KXo =" =25 (30a)
2 2 2 Xg
~fruXs + Uy my + qu +frplXe = qiXe = —py - (30b)
K. Xs —qi Xr + (K, + ql)xe =0 (30c)
The electric current / can be written as follows:
kg
Izk_ql(XT_Xe) (1)
f

3.2.1 Force Excitation. Following the procedure described in
the Sec. 3.1.1, the optimum parameters of fr, f,, u, and {, to min-
imize the vibrations of the primary structure (x,) caused by the force
excitation, F, /K, can be obtained as follows:

P L[ it
2n ) _ o

Fo/ks
Here, PI is the performance index of the system and (X,(ja) K,)/
F,, is the normalized transfer function

2
da

(32)

(33)

F,

where

As = Koy + [y
As =2K, ewge

A3 =2K, Wl + 2Krf 72/’“//Ce + 2Krf tzz:e

Ay =2K,f.f*¢,
Ao =K. f3f?

T As(ja)® + As(ja)® + As(ja)' + As(ja)® + Ax(ja)® + Ar(ja) + Ao

Ay = Kf? + Ky + KofPuy + Kof2w + e + P + 1 u?ww + Kof 2y + Ko f2py

As = Kof? + Kf2p + Kof 2w + [y + Kof 212 + Kof 22 uy

By =fpupmy + Koy
By =2K,fy(,
By = Kf? + Kiffuy + Kof 2y + £y
By =2K,ff ¢,
Bo = K,f212

(34)

Applying the residue theorem [40] into Eq. (32), the PI can be obtained as

PL= (K2, £y + 3RS iy + SKCL ww + KLY = 20w = 2K f w + KR = 2K e my + 4L iy

4 2 2

_2K3fe2 I

— 4K L2 e + BKCLf o — KL oy —

2RSS i+ AL G = 21+ KOS iy

— AKX L1y + 2Ky + 2Ky = 8L W + APy + KRR = 2Ky + KOS iy
+ 2K ey + KOf iy + KCf g+ 2K e+ K2 = 2Ky = 2Ky + Ko = 2K o0 waw® = 4K 1w
— 2K, f 2 f oy + 2K 1 + AR gy = 2K gy + 2K gy + 2K e + 2K f g + 2Ky

= 2K, f pw — K o + 2K,y + fR P iw + £t = 2P iy + £ i | AR S,

(35)

Similar to the procedure described in Sec. 3.1.1, the optimum parameters can be found as

ftom
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VI =yt

T 2uy + 1)

(36)
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fo= K (uy + D(16y — 4r + uy(4dy + 4 uy? + 120> — dppr — 9r)) 37)
o 4K, (4y — )+ pp(=15K,r + Kpp + p2ph + 183y30)
__ 4K Py (r — py )y + 1) a8)
Hlon = 4K, by = ) + py(=15K,r + K,wp + 1297 h + 3yD)
Loy = KX=3FE F2 1093 = O £ 1Pw? = O 12wy =31 £+ 62 £2 wp +6f2 12y =3} w? + 22 £ 1Py v

2
+ f@op tupl” L4 +4 eop\‘f;:plllﬂkomll/ +4 euprffopt’ul// + 2f;’op foptﬂkop‘ +2 eopl‘f;:pl eop\ffupt”ﬂkoml// Eop\‘f;npt W - eoprftoptﬂkopll//

= A fo v+ 2o W o i W 2 S+ ﬁmﬂkop[ + ZfZL o H e = i, ¥ = 2 W+ )
2
+ K22 [0 s W+ 40 f0 ot W+ 20 1 i, — 2o fo o, W = Ao St b v 20 fE b,

4,

+ 212 mhi, — 2 i W= 4

ll 'le()plll/ )/(K2(4f;oprf;0plﬂ + Sf;’oprftopl l'l/ + 4f;’0p\'f:pl eoplf;op(‘ul'l/ - C‘opnf;‘nply/ + 4K f;’apllll ))]1/2

Hit W+ 207 i W) + o M W

opt

W+ 200 W+ 20 g

+ 260 o,

opt

=2 Wpi v+ 1

opt

(39)

where

r= Vw21 7u2y? + 32up + 16) (40a)
p=(68 — 18ur + 111uy) (40b)
h=(=7K,r + 16y + 82K, y) (40c)
I=(=2r + 32y + 23K,y + 18uy?) (40d)

3.2.2  Ground Excitation. The normalized transfer function for the model under ground excitation can be written as

X,(jo) By(ja)* + Bs(ja)® + Bo(ja)* + B (jar) + By

= = 41
Xo(ja)/w?  Ag(j)® +As(ja)’ +As(ja)* + As(ja)® + Ax(ja)* + A1 (ja) + Ao @b

where

Ao =y f} +Ky)

As =2K,few(,

Ay =Koy + Kof? + f g + Kof Py + Kef2w + Kof 2uy + (R upy + 1wy + Ko fP upy
Ay = 2K L + f7 + [P )
Ao = Kif? + [ + Kif 2+ KofPpg + Kof2w + K2 f g
Ay =2K,£.f2C,
AO - Krerf;Z
By =y(umf} +K,)
B3 =2K,fyC,
By = Kof? + [y + Kef P + Kif 2w + Kof Py + [Py + Kof Py
By = 2K £if 2Ly + 1)

Bo =K f2f (uy + 1)

(42)

Following the procedure described in Sec. 3.1.1, the optimum parameters for this case can be found as

(uy + D(—yGuy — 4))?
2wy + 1)

S = (43)

061007-8 / Vol. 141, DECEMBER 2019 Transactions of the ASME



128Ky (uy + 1)

=— 44
Hhon =™ 3y — 4)(16K, — 324292 + 22K, 1292 + 3K, 139 + 35K, ) “44)
Py K, (uy + 1)y — 16) 45)
font 16K, — 32p2y? + 22K, u2w? + 3K, 13y + 35K, juyr
L o= 192K,y (uyr + 1) 46)
Copt Ouy —16)(16K, —32u%y? + 22K . 12yp? + 3K, i3y + 35K . uyr)

3.3 TE-ERS-TMDI-S Configuration. The equations of motion of the coupled system presented in Fig. 1(c) and subjected to force F,,
in the Laplace domain can be obtained as

. F,
[ + (L + 70X, = fPuXy == 47a)
~fPuXs + 1)’ + 7+ @)X — 1 Xe =0 (47b)
—q1 X1 + [6u(ja)’ + q11X, =0 @70)
The normalized transfer function is given as
X;(jo) K _ By(jo)* + B3(ja)’ + Ba(ja)* + Bi(ja) + By 48)
Fu  Ag(ja)° +As(ja)’ +As(ja)* +As(ja)’ +As(ja)’ + Ai(ja) + Ao
where
Ag=16
AS = 25fege
Ay =5+ 82+ 2 + Py + O u+ 67y
Ay =28.L(fPu+f7+ 1)
Ay =0 + O + R + S i+ f i + 27 + P + S s + S
A1 =26 f7C, 49)
Ao =822 + i f!
By,=96
B3 = 25f€§€
By =682 + 8f* + fuy + 8f
By = 28(/2,
BO =5fe2ft2 +/’lkft4
The optimum parameters are found using the same procedure B=pu(13u> + i — 143 + 48) (51¢)
described above
e g=p =3 +u—4 (51d)
Jiow = -5 (50)
where h=—-u*+u+6 (5le)
r=/=3u3(6843 + 84942 — 3360 + 256) (51a) # | Bi 4h B X
A"=A+3(Ai- Fo b 51
2( l 9Ag2> 3g  9Ag? Cw
1
ro 8h Bu+122h 2\? 4PA"
= (72 573 4” > - 7) (5 lb) /’lk(, _— * l:2 * (52)
9g> 27g’ 6g g " 2uAT + AT+ 4AT + 4
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(1+Mk )+ 2f?

Topt Topt!” Kopt

—25(1 — 2fth) —25f*

H, (1= 2f2

)+ 26 i, (L4 1) = 267 (u+ g, )+ OFF

ﬂﬂku,,l

topt

€opt

D
Cop = (F 4 i = 830 [0 Hi, = 128°F fif )1+ ) + (4 i
+ 85 feop f,nm(u — Hg,,) + 85 ﬁ P, (1= ) + 452f:;l(1 + ﬂko,,l
+ 45f;0pl””k0pl f:p[”kum(ﬂ ﬂkopl) + (165f;jpl”k0pl - 85]‘:,;1#1‘

The explicit expression for the optimum parameters under ground
excitation for this case are cumbersome; therefore, they are not
shown here for the sake of brevity. However, we will present the
results of this case using numerical analysis.

4 Numerical Analysis

The first part of the numerical simulation is to validate the
obtained closed-form expressions of optimum vibration mitigation
and energy harvesting. This is conducted using MATLAB optimiza-
tion toolbox for mass and inertance ratios y=0.02 and 6=1,
respectively. The results are shown in Tables 2—6 and show excel-
lent agreement with a maximum error of 0.09%.

Using the obtained optimum parameters, Figs. 3—6 compare the
performance of all four configurations in terms of both vibration
mitigation and energy harvesting by showing plots of the displace-
ment of the primary structure and harvested powers. Figures 3 and 4
pertain to force (F),) excitation and Figs. 5 and 6 are for ground (%,)
excitation. The results in these figures all show similar trends.
In that, GERS-TMDI performs the best in terms of both vibration
mitigation and energy harvesting, whereas the TE-ERS-TMDI-S
performs the worst. The TE-ERS-TMDI-P and ERS-TMDI
[36,38,39] show very similar performance in terms of vibration mit-
igation and energy harvesting. The percentage difference in perfor-
mance between the GERS-TMDI and the TE-ERS-TMDI-S is about
25% for both ground and force excitations. The peak value of the
normalized displacement for GERS-TMDI is reduced by around
2% in comparison with that of ERS-TMDI-P and ERS-TMDI con-
figurations. The results also suggest that ERS-TMDI and
TE-ERS-TMDI-P have almost the same performance for both
ground and force excitations. Since GERS-TMDI configuration
has the best performance and for the sake of brevity, the remainder

2501 = 2f2 )+ 20 (1 +p)

kopt

W) -

opt

(53)

+85°f; —128°0 (1 =22 )+ B f2 fit —85fC we, )1+ py,)

opt opt
86213.,,, (1= py, + 1) + 4L+ f 2 = 2 18 g

1+ 12 VA6 (1 =2f2 S (fe +

opt

)+ 168%2

€opt

(54)

of the numerical analysis is devoted to the understanding of the
influence of some of the design variables on the performance of
the novel energy-harvesting-vibration-absorber (i.e., GERS-TMDI
configuration).

The three-dimensional plots depicted in Fig. 7 show the role of
mass and inertance ratio on four optimum parameters for the case
of the underground excitation. It can be observed that the mechan-
ical tuning coefficient (f;) decreases with increasing mass ratio, and
it increases with increasing inertance ratio. The electrical tuning
ratio (f,) decreases with increasing both mass and inertance
ratios. The results also show that the electromagnetic mechanical
coupling (¢;) and electrical damping ratios ({,) increase with
increasing both mass and inertance ratios.

For a better understanding of the role of the mass and inertance
ratios on the optimal parameters, two-dimensional graphs are pre-
sented in Figs. 8 and 9. The results indicate that as the mass ratio
increases, the effect of the inertance ratio becomes more significant
on the electromagnetic mechanical coupling coefficient, electrical
damping ratio, and electrical tuning ratio, whereas the effect of
the inertance ratio on the mechanical tuning ratio remains constant.
The results also indicate that the effect of mass ratio on the mechan-
ical tuning ratio (f;) is less significant than that of the inertance ratio.
However, the effect of the mass ratio on the other three optimum
parameters (f,, p, ¢.) is more pronounced than that of the inertance
ratio on f,, py, Ce.

Figure 10 depicts the normalized displacement of the pri-
mary structure under ground excitation. The results show that nor-
malized displacement decreases with increasing inertance ratio d.
Figure 11 also indicates that the harvested power increases with
increasing inertance ratio. These two observations are similar to
those obtained for the ERS-TMDI configurations addressed in
Refs. [35,36]. Figures 12—19 compare the performance of the paral-
lel and series RLC circuit in terms of vibration mitigation and

Table 2 Designed parameters presented for the GERS-TMDI configurations with mass ratio x =0.02 and inertance ratio 6=1 by

analytical and numerical methods under force excitation (F,,)

Example 6=1 and y=0.02

Analytical optimum expressions Analytical Numerical
Sion = 1.455 fioy = 1.455
Jiw =1/~ 7
2 4
wy + [ v +y? i
Foo J e o Hi o, =1.008 o, = 1.008
o + 2 w—y? opt opt
i TV 2,
4 _ 452 4 _ )
P e(,p. n.p.‘/’ +2f; oot ™ Moo z.,p.‘/’ +2f; e~ M 2uf; A,p[‘/’ +4f7 a4 u, =0.087 P, = 0.087
kop[ lufl.,p. 2 Ifm + ZWftfpl kopt . kopt .
-4
Comn = eOPﬁpl”V/ +ff rf fopt eoprf oV +f:tp‘ v+ eopt) top ko — 212 eopt! top ot — eop\j [ eoprf rop./“/’
Y+ Mo = Yer 0+ Fo b0 = 26 i, v = ﬁi‘.,w i Yo g Lo, =0.188 L., =0.188
R T T T e T VL C R A T o Tk R R i T i
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Table 3 Designed parameters presented for the GERS-TMDI configurations with mass ratio x=0.02 and inertance ratio 6=1 by
analytical and numerical methods under ground excitation (¥g)

Example §=1 and x4 =0.02

Analytical optimum expressions Analytical Numerical

o+ 1— Gy + Dr fon=1401  f, =1.408

2py + 2(uy + Dr(1 = py) + 22 (3 = jP2y?) = 2
= =0.971 =0.976
o \/ G+ Dr = i2p?) + G+ 3y + ) 2 o o

_ 28097 (6 — 12y + 3y — 4) + 259 @ r(y? + 4Py + Sy — Dy — 4)
oo 2tyA g Wy + 6Py + Ty — 4)

fi, =0.080  p, =0.082

Lo = — (64 =32qr + 1120797 ~ 18447y — 1944 y* + 1567y + 1630y 27u"y" —48*y* —6p”y” + 3"y

+ ,ul 11,//” + 6duyqr + 64M2y/2qr7 l20ﬂ3y/3qr770ﬂ4y/4qr + 64/451//5qr + 36/46y/°qr - 8ﬂ7yf7qr—6y8y/8qr732)(2qr 0.180 c 0.183
eopt . V* eopt — V*

+24°F + 15077 + 9y — 104y —100°y° — 10w + W'y + pwgr — ppq’ P =31y gr-40y gr — iy gr
+ 109 gr=4)/ Qv ¢y + H@Py? + 2up =17 1y + 2297 + py—4)%)

Table 4 Designed parameters presented for the TE-ERS-TMDI-P configurations with mass ratio # = 0.02 and inertance ratio 6 =1 by
analytical and numerical methods under force excitation (F,,)

Example 6=1, y=0.02, and

K,=02
Analytical optimum expressions Analytical Numerical
=y S =1.339  fi,, =1.339
Jeo =2+ 1)
K, (uy + 1)(16y — 4r + pyp(ddy + 41y + 124793 — dpapr — 9r))
fon = (py 4 wy 44y + 4lpy 2/4;// 3/41g/ 20973 £ =073
4K, (4y — 1) + (15K, 7 + Kowp + p>w?h + Pyl

4K Py (r — gy + 1)
- =0.082 .. =0.082
K, Gy = 1)+ (15K, -+ Kepp + 529+ i070) i, = 0082 g, =0.08

SV = etV = oo = 3o Jooy + Sl Jii” + 61,

opt op!

Mo =

Loy =IKZ=31}

2 4 2
o S — VeV

€opt

2 2 2 "2 2.2 2 4 2 4 2 4 2 2 2 2
+ 2 S W W 20 ot 0O AT e AL iy 20 F b, 20 fot = e S W

Cop

=2 J =22 ot v = Ao S w20 W i w2 £

€opt opt opt opt Topt

ﬂ:w + 2/‘,1‘/41“,Pl

+ 1 = Yt W = 20w WD)+ KIQA S W W+ A0 [0 1w+ 2 SO £, =0.176 ¢, =0.176
=262 fo Wrw W = AL w260 fE i W 200 R W 26 i W+ 2 g

+ 210 ph,, = 2t i W= A W+ 2 e ) o B W g~ 20

(KPCALE o b0 + 812 S b + 420 = 4 fo = 82 fo w + 4K2f oI

Eop Eopt €opt

Wopi, e 1w )/

opt

Table 5 Designed parameters presented for the TE-ERS-TMDI-P configurations with mass ratio # = 0.02 and inertance ratio 6 =1 by
analytical and numerical methods under ground excitation (¥g)

Example 6=1, ¢ =0.02, and K,=0.2

Analytical optimum expressions Analytical Numerical
§ ol Dy Gy = ) Ji =1.380 Ji = 1.380
Topt — 2
2(uy + 1)
__ 128K, gy (uyr + 1) £ =1.003 foory =1.003
Moo =™ Guay — (16K, — 3247 + 22K %” + 3K 13y + 35K, ) o o
K (uy + 1)Ouy — 16)
= /- =0.081 =0.081
Je \/ 16K, — 32122 + 22K 129" + 3K 1y + 35K,y Hicn Hio
192K,y (uy + 1)
=./- =0.175 =0.175
Seom \/ Opy — 16)(16K, — 32p%y? + 22K, 5*w? + 3K, .py> + 35K, py) Seom Ceum
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Table 6 Designed parameters presented for the TE-ERS-TMDI-S configurations with mass ratio z = 0.02 and inertance ratio 6 =1 by

analytical and numerical methods under force excitation (F,,)

Example =1 and y=0.02

Analytical optimum expressions Analytical Numerical
s Sio = 1.013 S =1.013
f;opl = 2
Jewt =] — —2601 - 2sz[) —2 ’jp‘(l + Hiy) +f;fp‘ﬂkop, [2C1 +p) + op] - 2 tfp‘ 16 + i) = P (1 = foPl)] Seo, =0.982 f.. =0.982
Jeopt 25(] _ zfzfp.) T zafépl(l T ”) Copt . €opt .
42"
Mg =y ——— Hy,, =0.041 Hi,, = 0.041
"O2uAT +ATT+4A +4 p p
Coge =W+ A i, = 82 F0 e = 128°F0 F U+ )+ (Gf g+ 882 =128, (1 =2 )
+ 87 o = 8 i I+ i)+ 85L2 f2 = py, )+ 88, (1 = p)
+48FE (L =) =882 (=, + )+ 48P+ 1 =2 F0 ) Loope = 0.041 Lo =0.041
o+ A0 b = 8O ik (1 = i)+ (VOO g, = 8Of o J(L+£7 )
202 2 202 (2 (2 0.5
/aesf, (1 =2f")+165°f, fr (f. +m)]
9 T - - 9 T . .
R o ERS-TMDI [33] . o ERS-TMDI [34]
L2l s TE-ERS-TMDI-P < 8f ~TE-ERS-TMDI-P
;w TE-ERS-TMDI-S ;m TE-ERS-TMDI-S
x"’ 7+ — GERS-TMDI S 7r — GERS-TMDI
= =
< 0]
-
@ Q@ 5
o s
o o
5 2 4
[a) o]
R 105} 3
8 N
£ E
5 S
= =z

0.8 . T2 14
Normalized frequency (a)
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Fig. 3 Optimal frequency response under mass ratio u =0.02
and inertance ratio 5=1 for vibration mitigation for the four
different ERS-TMDI configurations under force excitation (F,)
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Fig. 5 Optimal frequency response under mass ratio u =0.02
and inertance ratio =1 for vibration mitigation for the four

different ERS-TMDI configurations under the ground excitation
(%g)
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Fig. 4 Comparison of normalized power for the four ERS-TMDI
configurations and with x=0.02, =1, k,=150,L=1.17H, and
R.=0.1 Q under the force excitation (F,,)

Fig. 6 Comparison of normalized power for different ERS-TMDI
configurations and with 1 =0.02, 6=1, k,=150,L=1.17H, and
R.=0.1 Q under the ground excitation (¥y)
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Fig. 7 Three-dimensional representation of variation of optimum parameters: (a) mechanical tuning ratio f;, (b) electrical tuning
ratio f,, (c) electromagnetic mechanical coupling coefficient u, and (d) electrical damping ratio {,

energy harvesting for all four configurations under ground excita-
tion. The details of the parallel RLC configuration formulations
are given in the Appendix. We can observe that replacing the
series RLC circuit with the parallel circuit improves the harvesting
energy in all four configurations. The vibration mitigation perfor-
mance, however, can improve or degrade depending on the config-
uration. For instance, Figs. 12 and 14 show a slight performance
improvement with the GERS-TMDI and TE-ERS-TMDI-P con-
figurations, respectively; whereas Figs. 16 and 18 show a slight per-
formance deterioration with the TE-ERS-TMDI-S and ERS-TMDI
configurations.

5 Conclusion

This paper presented three novel ERS-TMDI configurations and
compares their performance to the conventional ERS-TMDI in
terms of vibration mitigation and energy harvesting and under
both force (wind) and ground (earthquake) excitations. Closed-form
expressions for the optimal design parameters are obtained using H,
norm criteria. The validation of the obtained explicit expressions is
conducted using MATLAB optimization toolbox and showed excellent

Journal of Vibration and Acoustics

agreement. Comparison between the proposed configurations indi-
cated that the novel GERS-TMDI performs the best, whereas, the
TE-ERS-TMDI-S performs the worst in terms of both vibration
mitigation and energy harvesting and under both wind and
ground excitations. The TE-ERS-TMDI-P and the conventional
ERS-TMDI showed similar performance. Parametric studies were
carried out to examine the effect of mass and inertance ratios on
the optimal design parameters of the GERS-TMDI. The results
showed that increasing mass and inertance ratios both decrease
the electrical tuning ratio. The effect of inertance ratio on the elec-
trical tuning ratio, electromagnetic mechanical coupling coefficient,
and electric damping ratio is more significant for higher mass ratios.
These findings suggest that for systems with larger mass ratios,
uncertainty in inerter ratio will have a larger effect on the electrical
tuning ratio, the electromagnetic mechanical coupling coefficient,
and the electric damping ratio. Parametric studies also showed
that increasing the inertance ratio enhances the performance of
GERS-TMDI in terms of both vibration mitigation and energy har-
vesting. Numerical examples also demonstrated that replacing the
series RLC with a parallel circuit can improve the energy harvesting
performance of all configurations. In terms of vibration mitigation,

DECEMBER 2019, Vol. 141 / 061007-13
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however, it can degrade or improve the performance. All configura-
tions, except the ERS-TMDI, exhibited local optimum solutions.
Future work will focus on identifying global optimum solutions
for all three configurations and experimentally validating the find-
ings in this paper.

Appendix

The normalized equations of motion of GERS-TMDI configura-
tion with parallel RLC circuit under the ground excitation are
obtained as

«
[Ga)y* + (1 + f2uX, — fruXr = — = (A1)

(A2)

(=2 X, + [w () u + fru + q21X = -y
Ry
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Fig. 18 Comparison of normalized displacement of primary
structure with series and parallel RLC circuits using mass ratio
p=0.02 and inertance ratio 6 = 0.2 related to ERS-TMDI configu-
ration under ground excitation (Xg)
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ration for different RLC circuits using mass ratio x=0.02 and
inertance ratio 6 =0.2 under ground excitation (xg)

and
ks
I= k—th(XT) (A3)
f
where
4o = PTG + 26 j?] A
2 feja) +f2(ja) + 2L f3
The performance index of the system can be written as
pr=_" j G (AS5)
27 ) o |Xg(ja) /@
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where

X(ja)  _ By(ja)* + Bs(ja)’ + By(ja)* + Bi(ja) + By (A6)
X,(ja)/@?  Ag(ja)° + As(ja)’ + As(ja)* + As(ja)’ + Ax(ja)* + A (ja) + Ao
By = 212128, + 221 uwe,
Bl =fezft2 +fe2fr2/u//
By = 26if2C, + 212w, + 2Pl + 2of P uwl,
By =fu, + [y
By = zfel//é’e
— 3,2
AO - zf‘ef; ge ( A7)
AI - f;:zftz
Ay =212, + 2 f Pl + 202w 80 + 2 f Pl + 20 il + 2Ly,
Az =[P + 2w + L2177 + g + 2w
Ay =208, + 2ef 20 + 20208, + 2 fP e + 2 f Py,
As =fru + flw
A6 = Zfe'I/Ce
Applying the residue theorem into Eq. (A4), the PI can be obtained as
PI =421 ity G + 16f2 10w+ 2415y o+ V6001 uw & + AR + A7 10w & = 12102 u e — 821w
+ AP+ S O A 240 1w o+ 28L&+ 8+ 8L my = 8L iy
A = 24F R 3R Y — LR i = 248w + 3w — 8 2 = SEIEAC + £
+ 16F 2y G = 2102y + 8L mwCe + 1682wl = 2y = 8£P 8 + 1w + 42 iy & + 812 1 iy ¢
FALZLA P O+ AL up = AL i e + LA mw® = S f i maw C 4 2 i my — A CF — AL S S
LS + AW+ 82 waw G = 2421 oy + 8L w4 ALLRCE + B = 2Ly + AR
— A2y = 82 o + 22 = 8L CE + AP+ ) [ AL, (A8)

Numerical analysis was performed on the PI (A8) using MATLAB
optimization toolbox.
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