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ABSTRACT
This paper introduces a novel wearable full wrist exoskele-

ton designed for the alleviation of tremor in patients suffering
from Parkinson’s Disease and Essential Tremor. The design in-
troduces a structure to provide full observation of wrist kine-
matics as well as actuation in wrist flexion/extension and ra-
dial/ulnar deviation. To examine the feasibility of the design,
the coupled dynamics of the device and the forearm is modeled
via a general multibody framework. The dynamic analysis con-
siders human motion, wrist stiffness, and tremor dynamics. The
analysis of the model reveals that the identification of the wrist
kinematics is indispensable for the controller design. Nonlin-
ear regression based on the Levenberg-Marquardt algorithm has
been applied to estimate the unknown parameters in a kinematic
structural function designed to approximate the wrist kinematics,
which leads to the construction of the control system framework.
Finally, several simulation cases are demonstrated to conclude
the study.

NOMENCLATURE
The mathematical notions used are listed as following:
‖Z‖n The induced n-norm of a matrix Z (n = 2 if not specified)
z1×z2 Multiplications of quaternions z1 (4×1) and z2 (4×1)
z̄ Conjugation of quaternion z (4×1)
zm×n A m×n matrix with all elements as z ∈R (fits along with

its neighboring blocks if no dimension specified)
In Identity matrix of a specific dimension n (fits along with its

neighboring blocks if no dimension specified)

∗Email: obarry@vt.edu

Z > 0 Square matrix Z is positive definite
Z−T The transposed inverse of Z (since (Z−1)T = (ZT )−1)

1 INTRODUCTION
Millions of people all around the world suffer from pathologi-
cal tremor caused by neurological disorders including Essential
Tremor [1] and Parkinson’s Disease [2, 3]. A common symp-
tom of most of these tremors is the uncontrollable shaking of
limbs, which significantly undermines the quality of life of pa-
tients. Especially for Parkinson’s Disease, since the majority of
the patients come from the aged population, the effect of tremor
may also pose potential life danger (due to slipping, falling [4],
etc.). These concerns provide motivation for researchers all over
the world to find solutions to these illnesses in order to improve
the lives of these patients.

In addition to medication and surgery, various medical de-
vices have been developed to help relieve patients from their dif-
ficulties. As a result of breakthroughs in mechatronic and robotic
technologies, rehabilitation devices including orthosis and ex-
oskeletons [5] are gaining popularity in recent years. In general,
active robotic devices offer more possible solutions than passive
devices as they are more versatile and adaptive, and they can in-
trinsically interface humans and hardware. For the upper limb
(elbow, forearm, wrist, etc.), active orthosis and exoskeletons in-
cluding DRIFTS [6], WOTAS [7], and work led by Huen [8]
have been successful in reducing tremors. Most of these de-
vices adopt a similar framework of human motion estimation.
As tremors are generally considered rhythmic and roughly sinu-
soidal [9], the voluntary and tremorous movements are extracted
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and separated from the motion recorded from the sensor (IMU,
EMG, etc.) with filters such as Weighted Fourier Linear Com-
biner (WFLC) [10] and Extended Kalman Filter (EKF) [11]. Vol-
untary or intended motion estimation will be used in this work as
the reference for the various possible controller setups, i.e., pas-
sive impedance control and active vibration cancelling [7, 10].

Human wrists have delicate and sophisticated structures.
Located at the end of the human arm, the wrist joint is crucial
to object manipulation. A wrist joint has two degrees of freedom
(DOF), namely flexion/extension motion (FE) and radial/ulnar
deviation motion (RUD). The approximate location of the axes
of these motions are demonstrated in Fig. 1. Realizing full wrist
tremor control in both motions is a challenging task, since the
kinematics and dynamics of the hand are affected by the cou-
pling of the two DOFs of the wrist joint [12]. Different users
also have different wrist kinematic profiles. As some Parkinson’s
Disease patients also suffer muscle deformations [13], a device
may be limited if it is designed based on a standard wrist profile.
Finally, in addition to the offset between the rotation axes [14],
both motions may not even be pure rotations (i.e. with no cou-
pled translations) that have fixed axes positioned on the wrist.
Almost none of the previous work on tremor control devices has
considered tremor in the RUD motion. This motivates us to ex-
plore the possibility of a novel framework to provide a solution
for full wrist tremor control.

In this paper, we introduce the development of a novel full
wrist exoskeleton for tremor control. The design structure of the
rigid link tremor alleviating wrist exoskeleton - TAWE is pre-
sented in Sec.2. The objective of the design is to fulfill the func-
tionalities:
(O1) Wrist kinematics and tremor data collection and assess-

ment with a variety of sensors.
(O2) Tremor suppression control and light power augmentation

of the full wrist with the two actuators.
A contribution of the paper is the detailed multibody modeling
and analysis of the coupled forearm-exoskeleton system, which
are explained in Sec.3, in which the human motion, stiffness and
tremor dynamics are considered. The study on the dynamics has
indicated the necessity of acquiring the unknown wrist kinematic
model in order to realize controller design. The approach of wrist
kinematic identification and its preliminary validation in simula-

FIGURE 1: Approximate locations of FE and RUD rotation axes
[14] on the wrist of a left forearm.

FIGURE 2: The CAD model of TAWE attached to a right forearm

tion environment is then introduced in Sec.4. The control frame-
work is presented in Sec.5, where the characteristics of the con-
troller is studied with two simulation cases namely power aug-
mentation and tremor suppression. Finally, Sec.6 concludes the
study and proposes future research works.

2 The Exoskeleton Design and Its Kinematics

The Tremor Alleviating Wrist Exoskeleton (TAWE) is a 6-DOF
exoskeleton for full wrist tremor assessment and control. The
3D model of the prototype designed for the right-hand wrist is
presented in Fig.2. The weight of the device (excluding the at-
tachment pads) is approximately 485 grams. The two attachment
pads are assumed to be firmly fixed on front forearm (slightly be-
hind the wrist) and the back of the hand, respectively. The device
consists of two main subsystems - the linkage and the ball joint.
The linkage subsystem has three rotational DOFs measured by
the absolute encoders (US Digital MAE3). Two of the DOFs
close to the attachment pad are actuated by servo motors (Dy-
namixel MX-28). The end point of the linkage subsystem (on
Link #2) is attached to the ball joint subsystem. The naming of
the Euler Ball Joint indicates that the 3D rotation of the ball joint
is realized with Euler angle rotations, which allows the installa-
tion of encoders to measure the 3D rotation. The IMU sensors
will be fixed on the attachment pads, while the other electronic
components (EMG sensors, batteries, etc.) are hidden in the cur-
rent figure.

The dimensions of the design are determined by the kine-
matic workspace of the wrist. The locations of the attachment
pads and the lengths of the linkages are carefully selected so that
the geometric reachability of the linkage subsystem is guaran-
teed over the design motion envelope. In the current design, the
length of each link is 12 cm. A big challenge of the design is to
avoid the singularity in the Euler Ball Joint, which occurs when
the rotation along an axis results in the colinearity of the other
two axes. While an optimal systematic design framework will be
explored in future research, the current design is feasible for the
selected forearm model where the FE and RUD axes intersect.
As shown in Fig.3, TAWE is able to reach extreme poses. No
geometric interference is experienced in the selected workspace
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FIGURE 3: TAWE at rotation limits - (a): flexion: 75◦, radial
deviation: 20◦; (b): flexion: 75◦, ulnar deviation: 45◦; (c): ex-
tension: 75◦, radial deviation: 20◦; (d): extension: 75◦, ulnar
deviation: 45◦.

of -75◦∼ 75◦in FE and -20◦∼ 45◦in RUD.

When the exoskeleton is attached to the arm, a closed kine-
matic chain is formed from the open kinematic chain of the two
subsystems. As shown in Fig.4, the two kinematic chains are
connected at Frame #1 and Frame #5. As mentioned in Sec.1, the
forearm kinematic chain is generally assumed to be unknown.
On the other hand, the TAWE kinematic chain can be easily
represented with the homogeneous transformation matrices Ti, j
(from frame #i to frame # j) which is defined along with its in-
verse as

Ti, j =

[
R d

01×3 1

]
= T−1

j,i ; Tj,i =

[
RT −RT d

01×3 1

]
(1)

where R ∈ R3×3 and d ∈ R3 are the rotation matrix and trans-
lational displacement from Frame #i to Frame # j, respectively.
The transformations between the frames in the exoskeleton kine-
matic chain are demonstrated in Table 1. Here, the terms
marked as dk,i and Rk,i respectively stand for the translation
and rotation along the k axis in Frame #i. By defining θW =
[θW,1,θW,2]

T ∈ R2 as the wrist angular displacement and θE =
[θE,1,θE,2,θE,3,θE,4,θE,5,θE,6]

T ∈ R6 as the angular displace-
ment at the six rotation axes, respectively, the translational and
rotational terms Rz,1, Rx,2, Rx,3, R4, dw, and Rw are state depen-
dent. The rest of the terms are constant kinematic transforma-
tions. Furthermore, dw and Rw are assumed to be unknown and
cannot be directly measured with sensors.

Observe that the transformation from Frame #1 to Frame #4
will allow the linkage subsystem to reach any point in the 3D
spherical space with a radius of dy,3 +dy,4 centered at the origin
of Frame #3. The Euler Ball joint realizes the attitude consis-
tency between the end of the linkage and the hand attachment
pad. From the multibody perspective, such a 6-DOF kinematic

TABLE 1: THE HOMOGENEOUS TRANSFORMATIONS ON
THE EXOSKELETON KINEMATIC CHAIN

From To Translation (d) Rotation (R)
#1 #2 d1 Rz,1(θE,1)R1
#2 #3 dz,2 Rx,2(θE,2)
#3 #4 dy,3 Rx,3(θE,3)
#4 #5 dy,4 R4(θE,4,θE,5,θE,6)
#1 #6 dw(θW,1,θW,2) Rw(θW,1,θW,2)
#6 #5 d5 R5

structure can connect any two 3D bodies within its range, which
explains why TAWE can connect the forearm and hand regard-
less of the unknown wrist kinematics. This also allows the wrist
of the user to operate freely with no spatial restriction.

3 Dynamical Modeling and Analysis

While the design of TAWE is explained in the previous section,
the feasibility of realization of this exoskeleton is not yet guar-
anteed. A major concern is whether a controller can be suc-
cessfully designed for suppressing coupled tremor at the wrist.
This requires us to perform a multibody dynamic analysis of the
forearm-exoskeleton system. To fully analyze the system, both
systems are modeled as floating base systems that are connected
with constraints. Since the human arm is not a rigid body system,
a few model assumptions are made:

(A1) The forearm is approximated as a rigid body model, where
the deformation of the muscles are omitted.

(A2) Muscle actuation forces are generalized into direct torque
inputs at the joint directions.

(A3) The supination motion of the forearm is fixed in this study.

Based on these assumptions, by modeling the forearm as a float-
ing base system whose base coordinate frame is Frame #1 , its
dynamic model can be represented in the form of nonholonomic

FIGURE 4: The close kinematic chain and coordinate frames of
the forearm-exoskeleton system (green arrow: x axis; blue arrow:
y axis; red arrow: z axis; dot line: exoskeleton kinematic chain;
dash line: forearm kinematic chain.)
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equations

M1(q1,ξ1)q̈1 = H1(q1, q̇1,ξ1)

+ JT
u1
(q1,ξ1)u1 +W T

1 (q1,ξ1)w1 (2a)

ξ̇1 = Jξ1
(q1,ξ1)q̇1 (2b)

where
q̇1 =

[
θ̇ T

1 vT
1 ωT

1
]T

is the derivative of the generalized coordinates, which includes
the float base translational velocity v1 ∈ R3 in the global frame,
the float base angular velocity ω1 ∈ R3 in the local base frame,
and the wrist joints θ1 = θW ; ξ1 ∈ R4 is the quaternion vector of
base orientation, which is nonholonomic and therefore separated
from Eq.(2a); u1 ∈ R8 is the input exerted at the float-base co-
ordinates and the wrist joint; w1 is the disturbance/perturbation
exerted at each generalized coordinate; M1 ∈ R8×8 is the inertia
matrix; H1 ∈ R8 is the system internal generalized force that in-
cludes Coriolis, centripetal and damping forces; Ju1 ∈ R8×8 and
W1 ∈ R8×8 are the Jacobian matrices for u1 and w1 respectively;
and Jξ1

∈ R4×8 is the Jacobian matrix for ξ1, which is shown in
reference [15] to be

ξ̇1 =
1
2

ξ1×
[
0 ωT

1
]T

. (3)

Next, the dynamic model of the exoskeleton is considered,
which has a structure similar to Eq.(2). For convenience, this
subsystem is also based at Frame #1. During the modeling, since
the Euler Ball Joint has relatively small inertia, θE,4,θE,5,θE,6
are omitted in the modeling process, which results in simplifying
the ball joint as a point. As a result, the EOM of the system can
be written as

M2(q2,ξ2)q̈2 = H2(q2, q̇2,ξ2)+ JT
u2
(q2,ξ2)u2 (4a)

ξ̇2 = Jξ2
(q2,ξ2)q̇2 (4b)

where
q̇2 =

[
θ̇ T

2 vT
2 ωT

2
]T

is the derivative of the generalized coordinate q2 of the system,
consisting of the base translational velocity v2 ∈R3 in the global
frame, the base angular velocity ω2 ∈R3 in the local base frame,
and the linkage subsystem joints θ2 = [θE,1,θE,2,θE,3]

T ∈ R3;
and u2 ∈ R2 is the exoskeleton actuation input. The definition of
the other variables are similar to that in Eq.(2), except that the
disturbance/perturbation terms are omitted.

3.1 Coupling of Subsystem Dynamics
The combination of the two models can be achieved with the
introduction of constraints in the following nonholonomic form

ṙλ = Jλ (q,ξ )q̇ (5)

where

q =
[
qT

1 qT
2
]T ; ξ =

[
ξ T

1 ξ T
2
]T (6)

are the combined generalized coordinate and nonholonomic state
vectors respectively; rλ ∈R9 is the constraint value vector, which
is set to rλ = 0 for time invariant constraints; and Jλ ∈ R9×17 is
the constraint Jacobian matrix. The expression of rλ are

rλ =

 ρ1,1−ρ1,2[
03×1 I3

]
(ξ1× ξ̄2)

ρ5,1−ρ5,2

 (7)

where ρ1,1 =
[
03×2 I3 03×3

]
q1 and ρ1,2 =

[
03×3 I3 03×3

]
q2 are

the base positions of each subsystems; and

ρ5,1 =
[
I3 03×1

]
T1,2T2,3T3,4T4,5

[
01×3 1

]T
ρ5,2 =

[
I3 03×1

]
T1,6T6,5

[
01×3 1

]T
are the relative positions of the origin of Frame #5 with respect to
Frame #1 in each subsystem’s base frame. Furthermore, with re-
spect to the states, the constraint Jacobian matrix can be divided
into parts as

Jλ =
[
Jλ1 Jλ2

]
(8)

where Jλ1 ∈ R9×8 is the part of the Jacobian matrix with respect
to q1; and Jλ2 ∈ R9×9 is the part with respect to q2. Since there
is no internal constraints in any subsystems, it is required that
Jλ2 has full rank. Furthermore, since the first six row of rλ only
involves the v and ω from the bases, and the rest only involves
θ1 and θ2, the Jacobian matrix can be further specified as

Since the exoskeleton is fully constrained with respect to
the forearm, the constraints in Eq.(5) imply that the kinematics
of exoskeleton (q2, q̇2 and ξ2) can be fully expressed in terms of
q1, q̇1 and ξ1. This leads to

q̇2 =−J−1
λ2

Jλ1 q̇1; ξ2 = ξ1 (9)

where J−1
λ2

Jλ1 can be calculated based on the previous setup as

J−1
λ2

Jλ1 =

[
J−1

λ2,s
Jλ1,s 03×6

06×2 J−1
λ2,r

Jλ1,r

]
. (10)

Differentiating the constraint equation with respect to time yields

q̈2 =−J−1
λ2

(Jλ1 q̈1 + J̇λ1 q̇1− J̇λ2J−1
λ2

Jλ1 q̇1). (11)

Therefore, the dynamics between the two subsystems can be cou-
pled by preserving the generalized coordinates of the forearm.
Based on the constrained arm subsystem

M1q̈1 = H1 + JT
u1

u1 +W T
1 w1 + JT

λ1
λ , (12)

and by calculating the constraint force

λ =− J−T
λ2

(M2J−1
λ2

(Jλ1 q̈1 + J̇λ1 q̇1

− J̇λ2J−1
λ2

Jλ1 q̇1)+H2 + JT
u2

u2), (13)

the combined multibody system with the generalized coordinate
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as q1 can be calculated as

(M1+JT
λ1

J−T
λ2

M2J−1
λ2

Jλ1)q̈1

= H1 + JT
u1

u1 +W T
1 w1− JT

λ1
J−T

λ2
H2− JT

λ1
J−T

λ2
JT

u2
u2

− JT
λ1

J−T
λ2

M2J−1
λ2

(J̇λ1 q̇1− J̇λ2J−1
λ2

Jλ1 q̇1) (14a)

ξ̇1 = Jξ1
(q1,ξ1)q̇1. (14b)

Since M1 and M2 are positive definite, this results in a new inertia
matrix Mu = M1 + JT

λ1
J−T

λ2
M2J−1

λ2
Jλ1 that is also positive definite.

The new multibody system is therefore used for the following
analysis.

3.2 Free Base Model

For human motion, muscle actuation is often modeled from in-
puts generated by a neural motion controller based on a planned
trajectory. Here two more model assumptions are made to limit
the scope of the study and take human motion into consideration:

(A4) The human muscle controller can adapt to the system iner-
tia (including the exoskeleton and external load) and inter-
nal forces.

(A5) The human muscle controller consists of an inverse dynam-
ics feed-forward controller and a feedback controller.

Again, the 8-DOF system can be fully actuated with the control
muscle input u1. It is reasonable to define the output as

ẏ1 = Jh(x)q̇1; ÿ1 = Jh(x)q̈1 + J̇h(x)q̇1; (15)

with

Jh =

[
I5 05×3

03×5 Jhξ
(q1,ξ )

]
where Jhξ

∈ R3×3 is the Jacobian from the quaternion attitude
controller

yξ =
[
03×1 I3

]
(ξ1× ξ̄1r(t)) (16)

Here, ξ1r : R+ → R4 is the quaternion reference. Furthermore,
the output reference can be defined as

rh =
[
θ T

Wr
(t) ρT

1r
(t) 01×3

]T (17)

where θWr : R+ → R2 is the wrist joint reference function; and
ρ1r : R+ → R3 is the forearm translational position reference
function. These setups lead to the muscle control input

u1 = J−T
u1

(
MuJ−1

h (r̈h− J̇hq̇1 +Ψ1)+H0(x)− H1 + JT
λ1

J−T
λ2

H2

+ JT
λ1

J−T
λ2

M2J−1
λ2

(J̇λ1 q̇1− J̇λ2J−1
λ2

Jλ1 q̇1)
)

(18)

Here, Ψ1 ∈R8 is feedback control term; and H0 :R42→R8 is the
uncompensated internal force. Therefore, by defining the error as

e1 =
[
eT

1,p eT
1,d
]T

=
[
(y1− rh)

T (ẏ1− ṙh)
T ]T (19)

under the muscle control input, the control system can be updated
as

MuJ−1
h ė1,d = MuJ−1

h Ψ1 +H0 +W T
1 w− JT

λ1
J−T

λ2
JT

u2
u2 (20)

Currently the study focuses on the control of tremor at the
wrist. By defining the wrist control error

e =
[
eT

p eT
d
]T

=
[
(θ1−θWr)

T (θ̇1− θ̇Wr)
T
]T

, (21)

and with the declaration of the selection matrices Js = [I2, 02×6]
and Jc = [06×2, I6], the inertia matrix can be segmented as

Mu =

[
Ms Mc
MT

c Mr

]
; Ms = JsMuJT

s ; Mr = JrMuJT
r ; (22)

As a result, the final wrist error system can be derived as

Meėd = Je
(
MuJ−1

h Ψ1 +H0 +W T
1 w− JT

λ1
J−T

λ2
JT

u2
u2
)

(23)

where

Je =
[
I2 −McM−1

r
]

; Me = Ms−McM−1
r MT

c . (24)

Here, Me is symmetric positive definite, which is proven us-
ing equations that define the Schur complement: since Mu =
MT

u > 0, Me = Ms−McM−1
r MT

c = MT
e > 0. If M−1

e is multiplied
to both sides of the equation, we obtain M−1

e Je = JsM−1
u . The

term Je involves the coupled inertia at the floating base. While
M2 is a term that is relatively easy to acquire, M1 is unknown
and volatile as it can be affected by hand gestures and external
loads. Therefore, Je is extremely challenging to identify. How-
ever, from Eq.(10) it can be shown that

JT
e,u =−JsJT

λ1
J−T

λ2
JT

u2
=−JeJT

λ1
J−T

λ2
JT

u2
(25)

This indicates that the inertia coupling effect does not affect u2 if
it is guaranteed that the current constraint structure holds. Since
Je,u is a purely kinematic term, the controller design via u2 can
be realized if Je,u can be identified.

3.3 Stiffness and Tremor Dynamics
For the dynamic models introduced above, it is important to un-
derstand the possible source of tremor. To explain in a more
general way, a final assumption is made based on the free base
model to introduce stiffness into the system:
(A6) The term MuJ−1

h Ψ1 +H0 has introduced stiffness into the
system from muscle control signal [16] and passive stiff-
ness [17], which leads to

MuJ−1
h Ψ1+H0 =MuJ−1

h (−K1e1,p−B1e1,d +Ψn,1(x,e1)) (26)

where K1, B1 ∈ R8×8 are respectively the state depen-
dent stiffness and damping matrices that satisfy K1 =
KT

1 > 0 and B1 = BT
1 > 0; Ψn ∈ R8 is the nonlinear stiff-

ness and other internal stabilizing force effects that satisfy
Ψn(x,0) = 0.

Based on this assumption, Eq.(23) can be transformed into

Meėd =−Me(Ksep +Bsed)+He,i + JeW T
1 w+ JT

e,uu2 (27)
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with

Ks = JsK1JT
s ; Bs = JsB1JT

s ;

He,i =−Me(JsK1JT
r Jre1,p + JsB1JT

r Jre1,d)+MeJsJ−1
h Ψn,1

Here He,i is gross internal force that comes from the muscle con-
trol coupling input −Me(JsK1JT

r Jre1,p + JsB1JT
r Jre1,p) and the

nonlinear stiffness MeJsJ−1
h Ψn,1. Based on the aforementioned

assumptions, the proposed error dynamic model is sufficient to
simulate and test the effect of tremor controllers. A more accu-
rate model can be obtained in the future by including the exact
stiffness ratio between the neural signal and passive stiffness.

4 Wrist Kinematics Identification

Based on the dynamic analysis, it can be concluded that the com-
bined system of the arm and TAWE has a lot of model uncertain-
ties. The major uncertainties, apart from the inertia, also come
from the unknown kinematic structure of the wrist. In addition to
the characteristics of the wrist mentioned in Sec.1, the exoskele-
ton may be fixed at a different user arm location every time it is
equipped. These kinematic uncertainties has made it extremely
challenging to analyze and control the exoskeleton.

As mentioned previously, the controller can only work based
on the condition that Je,u can be calculated. Here, a possible
solution for the identification of wrist kinematics via nonlinear
parameter estimation is proposed. The approach requires the de-
sign of a general kinematic structure to approximate the unknown
wrist joint. In this study, the structure is designed based on the
assumption that the wrist kinematics consists of a finite number
of serial transformations as shown in Fig.5(a). Here, TRUD(θW,1)
and TFE(θW,2) are pure rotational transformations based on the
RUD and FE angles. Since the position and orientation of Frame
#6 with respect to Frame #1 can be acquired from the exoskeleton
kinematic chain, the unknown transformations are Ts1(pd,1, pr,1),
Ts2(pd,2, pr,2), and Ts3(pd,3), where pd,1, pd,2, pd,3 ∈ R3 are the
unknown translation parameters, and pr,1, pr,2 ∈ R3 are the un-
known rotation parameters in the form of Euler angle (which are
assumed to be small rotations). Therefore, the unknown param-

FIGURE 5: Demonstration of kinematic structures - (a): T1,6 is
assumed to be composed of Ts1, TRUD, Ts2, TFE and Ts3; (b): The
orientation change of a directional vector on the hand from vec1
to vec2 can be realized with the θW,1 (RUD) rotation around Z
axis followed by the θW,2 (FE) rotation around X axis in an arbi-
trary frame.

eter vector is selected as

p =
[
pT

d,1 pT
d,2 pT

d,3 pT
r,1 pT

r,2
]T

(28)

In addition to the proposed uncertain kinematic structure,
the regression requires the following assumptions:
(B1) The unknown parameters are constant/slow-varying and in-

dependent of the system states and other parameters.
(B2) The FE and RUD angles can be acquired as shown in

Fig.5(b) (see explanation in the caption).
In the simulation, (B2) will not be applied as θW is assumed to
be directly available.

4.1 Nonlinear Regression Objective and Algorithm
The identification of wrist kinematic is based on the measured
translational displacement and velocity between the Frame #1
and Frame #5, and the estimated displacement and velocity
through the kinematic structure. The data for the regression need
to be collected overtime, which leads to the cost function de-
signed as

J (p) =
n

∑
i=1

α
n−iET

i ΩEi (29)

The term Ei = (zi− ẑi) is the ith error data between the mea-
sured data z and the estimated data ẑ. In our case, z= [ρT

5,1, ρ̇T
5,1]

T

and ẑ = [ρT
5,2(θW , p), ρ̇T

5,2(θW , θ̇W , p)]T (recall that ρ5,1 = ρ5,2

from the constraint in Eq.(7)). Matrix Ω ∈ R6×6 is a constant di-
agonal weight matrix. Finally, α ∈ (0,1] is a forgetting factor to
allow emphasis on the latest data for the parameter varying cases,
which is set to α = 1 when the parameters are assumed constant.

The basis of the current dynamic nonlinear parameter esti-
mator is the Levenberg-Marquardt (LM) algorithm [18], which is
a combination of the gradient descent and Gauss-Newton meth-
ods. For this case, the following modified version of LM update
algorithm is adopted

p j+1 = p j +h j; (30a)( n

∑
i=1

α
n−i(

Γi +β jdiag(Γi)
))

h j =
n

∑
i=1

(αn−iJT
E,iΩEi) (30b)

based on

JE,i = ∂ ẑ/∂ p; Γi = JT
E,iΩJE,i (31)

The above LM algorithm is characterized as ”offline” in the
sense that the step size h is updated based on the n sets of col-
lected data. The damping parameter β j is tuned so that the effect
of the gradient descent elements will be prominent when p j is re-
sulting in poor estimation, while the effect of the Gauss-Newton
elements will be prominent when p j is close to a local minimum.

Compared to many other algorithms, LM algorithm is rel-
atively simpler and more time-efficient in terms of calculation.
In addition, the kinematic structure will provide the analytical
expression of JE,i, which is advantageous since the numerical
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calculation of JE,i is avoided. While LM algorithm have certain
limitations, it is a good option at the preliminary stage of the
kinematic identification study.

4.2 Simulation of Parameter Estimation
The preliminary test of the parameter estimation is carried out
in MATLAB simulation. The plant is modeled by adding com-
plexity to the kinematic system in the CAD design. While the
selection of the kinematic structure does not involve any state-
dependent translations, such motions are modeled in the plant
system. Therefore, the kinematic structural function will never
be able to regress to the exact plant kinematics even though they
are very similar. The evaluation procedure of the regression ap-
proach is listed below as:
(P1) A total of 50 sets of random continuous kinematic data of

z are collected. The random trajectories are generated in a
workspace of -75◦∼ 75◦in FE and -20◦∼ 45◦in RUD, each
with a duration of 10 seconds. The sampling rate of the
data is a practically achievable 250 Hz.

(P2) The data are post-processed by adding random noises of
small amplitudes. The noise amplitude in the velocity data
is higher than that in the displacement.

(P3) The nonlinear regression is carried out individually for
each set of the data. All regressions starts from the
same initial condition p = 015×1. The MATLAB func-
tion lsqcurvefit is implemented in the LM mode with
Ω = diag([1,1,1,0.2,0.2,0.2]). The varying parameter is
not considered in the evaluation by setting α = 1.

Each set of the regressed parameter is then validated individ-
ually by every other set of the sampled data. Figure 6(a) presents
the average performance of each individual set of p in estimating
all other trajectories, which is measured by

Km = 0.02
50

∑
k=1

( n

∑
i=1

ET
d,iΩEd,i

)
(32)

where Ed,i = ρ5,1(θW,k,i, θ̇W,k,i)−ρ5,2(θW,k,i, θ̇W,k,i, pm) is the po-
sition estimation error with the parameter from the mth regres-
sion on the ith data in the kth trajectory. The plot shows that per-
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FIGURE 6: Performance of wrist kinematics estimation based on
regressed parameters - (a): Average cost K of each individual
set of p in estimating all trajectories; (b): The worst position
estimation error case, where (1) solid line - error in X ; (2) dash
line - error in Y ; (3) dot line - error in Z;

FIGURE 7: Analysis of Je,u and its estimation Ĵe,u - (a) map
of eigenvalue real part magnitude ratio γ in the RUD-FE plane,
where (1) black contour - γ = 0.25; (b): magnitude map of the δ

in the selected RUD-FE area, where (1) black contour - γ = 0.25;
(2) green contour - δ = 0.01; (3) red contour - δ = 0.025

formance cost of the parameters varies little between each two re-
gressions. In this study, we can observe that pd,1, pd,2, and pd,3
in every regression has reached the local minimums in the vicin-
ity of the their average

p̄d,1 =

 6.7e-2
8.5e-2
-1.4e-2

 ; p̄d,2 =

-2.5e-3
-5.0e-3
-1.5e-2

 ; p̄d,3 =

-2.2e-3
6.8e-2
6.3e-2


The cases with the largest deviation norms

max({‖pd,1− p̄d,1‖}) = 1.06e-3
max({‖pd,2− p̄d,2‖}) = 1.10e-3
max({‖pd,3− p̄d,3‖}) = 1.06e-3

are recorded in regression #9, #10, and #10 respectively. The
variation in pr,1 and pr,2 is larger. This is likely due to the redun-
dancy of the assigned unknown rotation parameters with respect
to the kinematics of the plant system. Since the initial guess
for all regressions are p = 015×1, the uniformity in regressions
has suggested the potential robustness of the LM method in such
kinematic identification, under the condition that the estimated
kinematic structure is similar to the actual kinematic structure.
A future work is to explore a general and robust kinematic struc-
ture for actual human wrist based on (B2).

When analyzed and compared individually, the worst iden-
tification is discovered at the case when parameter from regres-
sion #9 is applied to estimate data #26 based on its wrist angle
trajectories, which is shown in Fig.6(b). While the errors are rel-
atively larger compared to the other cases, each of them did not
exceed 2% of the maximum displacement range. It should also
be reminded that the main purpose of nonlinear regression is to
provide Ĵe,u(q, p) as the approximation of Je,u, which is depen-
dent on the position states of the system. An accurate estimation
will yield

Je,uĴ−1
e,u ∼ I2 (33)

The characteristic of Je,u is first studied as shown in Fig.7(a) that
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maps the ratio γ defined by

γ = |κ1/κ2|; κ1,κ2 ∈ {real(eig(Je,u))}; κ
2
1 < κ

2
2 (34)

In the map, the areas where γ is small are close to singularity,
which should be avoided during control and minimized during
design optimization. The black contours on the map extract the
acceptable area of γ > 0.25 for the analysis of δ defined as

∆ = Je,uĴ−1
e,u − I2; δ = max({|∆i, j| | i = 1,2; j = 1,2}) (35)

where Ĵe,u is calculated with the p from regression #9. When δ

is small, Je,uĴ−1
e,u ∼ I2. The map in Fig.7(b) indicates that there

are large areas where Je,u is well approximated by Ĵe,u. It can be
noticed that the Ĵe,u tends to be inaccurate near the singularity re-
gions. Similar observations are achieved from the other regressed
parameters. In general, Ĵe,u is acceptable when FE -75◦∼ 30◦.

5 Control Framework and Simulation
The control framework that will be implemented on TAWE is
illustrated in Fig.8. As previously discussed, the muscle input
u1 and disturbance/perturbation w in the forearm are assumed to
come from the human user. The IMU sensors installed on the
forearm will provide a coarse wrist joint measurement as θWIMU ,
which will be fused with θE by Kalman filter to provide a more
accurate estimation θW . While θW will be used for wrist kine-
matic identification along with the ρ5,1, it will also be fed into a
voluntary motion filter (WFLC [10], EKF [11], etc.). The vol-
untary motion filter will also read other sensor signals such as
EMG and EEG from the human user to extract the voluntary hu-
man wrist motion θW,r. Together with the Jacobian estimation
Ĵe,u, the measurements and human intention will be used to gen-
erate control input u2 into the actuators in TAWE. While modi-
fications may apply to the framework in the future, the elements
in the current framework are essential for any applications.

5.1 Controller Design
The controller design of the system is established on Eq.(27).
In the equation, all the dynamic terms are assumed unknown.
While model based controller require identification or estimation
of these terms, the controller can be designed based on

u2 = J−1
e,u
(
− kiei− kpep− kded−Fu(t,q, q̇)p̂u

)
+Φ(t,q, q̇,e,ei)+wu(t,q, q̇,e,ei) (36)

FIGURE 8: The control system framework of TAWE

where

ei =
∫ t

0
ep(τ)dτ (37)

is the integral error ei; ki,kp,kd > 0 are PID control gains;
p̂u ∈ R2η is the adaptive control parameters as an estima-
tion of the slow varying true value pu (η is a positive inte-
ger); Fu(t,q, q̇) ∈ R2×2η is the adaptive control regressor matrix;
Φ(t,q, q̇,e,ei) includes the control term by other nonlinear meth-
ods; and wu(t,q, q̇,e,ei) ∈ R2 is the controller uncertainty due to
the estimation Je,u.

For the PID controller, to realize stabilization, the minimum
requirement is to achieve the Hurwitz [19] state matrix

APID =

 0 I2 0
0 0 I2

−kiM−1
e −kpM−1

e −kdM−1
e

 (38)

Provided that the eigenvalues of M−1
e are κm,1 > 0 and κm,2 > 0,

the six eigenvalues κc of APID can be solved from the following
equations

(κ3
c + kdκm,1κ

2
c + kpκm,1κc + kiκm,1) =0

(κ3
c + kdκm,2κ

2
c + kpκm,2κc + kiκm,2) =0 (39)

According to Routh-Hurwitz criteria, the eigenvalues will have
stable real parts when kdkpκm > ki for both κm,1 and κm,2. There-
fore, the PID controller can only be applied with a good esti-
mation of the range of κm, which is challenging when the user
is performing multiple tasks. However, by setting ki = 0, the
PID controller will be simplified into the PD controller. The four
eigenvalues of the state matrix of the PD controller

APD =

[
0 I2

−kpM−1
e −kdM−1

e

]
(40)

can be calculated with

(κ2
c + kdκm,1κc + kpκm,1)(κ

2
c + kdκm,2κc + kpκm,2) = 0 (41)

Therefore, there is no restriction from the Hurwitz property of
APD on selecting the parameters for kd and kp.

Model reference adaptive controller (MRAC) is designed to
counter the periodic tremor. By considering all the model terms
as periodic system inputs identified within a known range of fre-
quency, the equivalent gross input Fu pu can be constructed as

Fu pu =

[
∑

η

i=1

(
sin(ωit)pu1,s,i + cos(ωit)pu1,c,i

)
∑

η

i=1

(
sin(ωit)pu2,s,i + cos(ωit)pu2,c,i

)] (42)

which is the combination of sinusoidal waves at ωi from the iden-
tified frequency domain. This leads to the control system as

ė = APDe+
[
0 M−1

e (Fu pu−Fu p̂u)
]T (43)

The estimation parameter in the adaptive controller can then be
updated as

˙̂pu =−P−1
u FT

u ed (44)
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with the symmetric positive definite gain update gain Pu ∈
R2η×2η to stabilize the Lyapunov function

V = eT
p ep + eT

d Meed +(pu− p̂u)
T Pu(pu− p̂u) (45)

The application of the adaptive tremor controller, again, requires
two conditions: (1) Ṁe ∼ 0 during the operation; (2) ṗu ∼ 0 ;
and (3) APD is positive definite. The first condition can be real-
ized when the wrist angles do not change ferociously. The third
condition requires 4kp < k2

dκm for APD.

5.2 Simulation Study
Two simulation cases are studied to observe the characteristics of
the controllers. The dynamic modeling via Kane’s method [20]
and the 3D simulation is carried out in a multibody toolbox [21]
developed in MATLAB, as shown in Fig.9. While all controllers
in the previous section require more or less some information
in κm, the dynamic model based on common human parameter
indicates that κm > 100 when there is no large inertia load on the
wrist. This provides a relative large freedom to select the gains
for various controllers. The simulation runs at 2500 Hz, while
the control input rate is limited at 250 Hz for realistic concerns.

One simulation studies the light power augmentation by ap-
plying the PID controller to drive the wrist under zero muscle
actuation. This simulation main intends to demonstrate the dif-
ference of the practical controller that adopts Ĵe,u from regres-
sion #9 and a ideal controller that adopts the true Je,u. Here, we
have selected ki = 0.25, kp = 1 and kd = 0.75. The results in
Fig.10 shows that the PID controller is able to keep up to the
reference trajectory and maintain stability under small periodic
disturbances. Apart from the disturbance, the error has not fully
converge to zero also due to the lagging effect of the integral
controller. It is also observed from the simulation that the max-
imum trajectory error between using Ĵe,u and Je,u are all below
1e-3 rad in non-disturbance simulation. This indicates that the
uncertainty from the difference between the estimation and true
value is trivial compared to the robustness of the PID controller.

The other simulation studies the tremor dynamics of the
forearm. The disturbance consists of randomly generated sinu-
soidal inputs ranged from 4∼ 8 Hz. In practice, the frequency of
the disturbance will be acquired with the voluntary motion filter.

FIGURE 9: Simulation with 3D visualization in MATLAB (with
axes units in meter)

0 5 10
-0.5

0

0.5
(a)

0 5 10

-1

-0.5

0

0.5

1
(b)

FIGURE 10: Trajectory tracking simulation with PID control
(under small periodic disturbance) in (a): RUD and (b): FE,
where (1) dash line - reference; (2) solid line - output)

The tremor of the system under no control, impedance control
and adaptive control are compared in Fig.11. Notice that the
impedance control has significantly reduced the amplitude of the
tremor, while the adaptive control is able to counter almost all
of the tremor after the parameters are converged. These observa-
tions suggest that the controller designs are feasible in simulation
and has the potential to be applied in practical application.

6 Conclusion and Future Work
This paper introduces the dynamic analysis and control frame-
work of the full wrist tremor alleviation exoskeleton TAWE. The
multibody analysis has demonstrated a detailed dynamic system
of study with the practical assumptions of human motion and
tremor. The wrist kinematics identification approach is proposed
and simulated to provide the potential feasibility in estimating
Ĵe,u, which is essential in realizing full control of the coupled
wrist dynamics. The controller designs and their stability proofs
are then presented and showcased with simulations. It should
be noted that this complete framework of the dynamical analy-
sis, kinematics identification, and control is general and can be
applied to other cases of human wearable device design.

This study also suggests some future research directions:
(F1) While the dynamical structure of the system is proposed,

the effect from the dynamical terms such as Ks, Bs, and He,i
has not been explored. Upcoming research will work on
a full analysis of the system and study the effect from the
parameter changes in these terms.

(F2) As Fig.7(a) indicates that the existence of singularity in Je,u
has created obstacles in both kinematic identification and

0 2 4 6 8 10
0

0.05

0.1

0.15

0.2

FIGURE 11: Tremor norm trajectories under different control
suppression, where (1) black dash line - no suppression; (2) blue
dot line - impedance (PD) control; (3) red solid line - MRAC
active control
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control, a major future design optimization objective will
be eliminating the singularity in the workspace.

(F3) More dynamical property identification and control meth-
ods will be explored to attempt solving the coupling of dy-
namics terms in the controller, so that more functionalities
can possibly be realized with the device.

Ultimately, TAWE will be prototyped and implemented in real
life as a useful tool in helping to understand and control patho-
logical tremors.
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