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ABSTRACT 
 Electric power steering systems (EPS) offer better fuel 

efficiency than hydraulic power steering system. However, EPS 

systems are plagued with noise and vibrations, which can 

undermine the comfort of drivers.  In previous works, steering 

systems have been analyzed using two degree of freedom 

system. In this paper, a mathematical model of an electric power 

steering system is presented using a continuous system to model 

the steering column. The equations of motion and boundary 

conditions are derived using Lagrangian method. Explicit 

expressions are presented for the characteristic equation and 

mode shapes.  Parametric studies are conducted to study the 

effects of different parameters on natural frequency. 

 

INTRODUCTION 
Electric power steering systems are electromechanical 

devices that use an electric motor to assist the driver in steering. 

Comparing to hydraulic power steering systems, EPS systems 

offer advantages which are eco-friendly and economical. EPS 

systems can increase fuel efficiency up to 5% [1].   However, 

EPS systems are plagued with noise and vibrations that can 

significantly affect the driver.  

In order to reduce the vibration in EPS systems, the 

system must first be analyzed and main sources of vibration need 

to be identified. In [1-6] various authors have used multiple 

methods to analyze the vibration sources in electric power 

steering systems. Most also discussed various potential solutions 

in order to reduce the vibration. 

 In the past, many approaches have been used to analyze the 

vibration in electric power steering systems. One approach used 

is finite element analysis to determine various aspects of the 

electric motors used in EPS systems, which are demonstrated in 

[7-10]. The main purpose of studying the electric motors is to get 

a better understanding of an effective harmonic current to reduce 

torque ripple. Various sensor types have been analyzed by 

authors, but most if not all sensor designs are expensive to 

implement into EPS systems. 

 To gain knowledge to reduce the pressure ripple, the robust 

fuzzy control method, has been analyzed. The pressure ripple can 

be caused by phase lag between the steering angle and the 

drivers’ steering torque, the disturbance of the road, nonlinear 

frictions, and sensor noise.  In [11-12] an eight-order nonlinear 

state space model of the steering dynamics is described and 

approximated using a Takagi-Sugeno (T-S) fuzzy model. Once 

the T-S fuzzy model is developed, the steering dynamics can be 

simulated and then compared to the results of various EPS 

systems with and without control methods.  

 Multiple authors have identified the main sources of 

vibration in EPS systems, suggested various methods to reduce 

vibration, and ways to improve research on this topic. For 

example, in [13-14] both authors look at electric power steering 

systems and the source of vibration by using a two degree-of-

freedom mathematical model. The model described in [13] 

represents the steering system in agricultural tractors. The 

steering column was modeled as a discrete system instead of 

continuous system.  

 

 The work done by Sakthivel [13] is expanded in this study 

by modeling the steering column as a continuous system. The 

purpose of analyzing the steering system using a continuous 

system model is to better understand the effect of various 

parameters and explore areas different of improvement to the 
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system. By modeling the steering column as a continuous 

system, the steering system as a whole can be better understood 

and new ideas for improving the design of EPS systems can be 

developed.  

 

MATHEMATICAL MODELING 
The full steering system is shown in Figure 1. The location 

of the steering box and steering wheel is shown to better 

understand how the schematic of the steering system was 

developed in relation to the locations of the engine and 

transmission case.  

 
Figure 1. Model of steering system. [15] 

 
One rubber mount was mounted at the steering box 

mounting points and another rubber mounts was mounted at the 

top of the transmission case. The steering box and steering wheel 

were modeled as a lumped mass and the steering column was 

represented as a rigid bar.  

 

Figure 2 depicts a schematic of a steering system. The 

rubber mount at the top of the transmission case consists of a 

spring stiffness of 𝑘1 and viscous damping of 𝑐1. The parallel 

arrangement in the figure labeled 𝑐2 and 𝑘2 represent the 

damping and stiffness coefficients respectively of a rubber 

cushioning pad in the system between the steering column base 

and the steering box. The mass of the steering box is shown as 

𝑚1, and the mass of the steering column is represented as 𝑚2. 

 

 
Figure 2. Schematic of the system. 

 

Let 𝑥1 be the displacement of the steering system and 𝑦 be 

the base excitation stemming from the engine. Let the length of 

the steering column be L and the longitudinal displacement of 

the steering column be 𝑤(𝑥, 𝑡). Assuming the material of the 

steering column to be steel, with a modulus of elasticity E, a 

density 𝜌, and a constant diameter D. 

 

The Potential energy equation for the system is given by Eq. 

(1) 

𝑉 =
1

2
𝑘1(𝑥1 − 𝑦)2 +

1

2
𝑘2(𝑤(0, 𝑡) − 𝑥1)2 +

1

2
∫ 𝐸𝐴 (

𝜕𝑤(𝑥,𝑡)

𝜕𝑥
)

2𝐿

0
(1) 

 

 

The Kinetic energy for the system is given by Eq. (2) 

 

𝐾 =
1

2
(𝑚1�̇�1

2 + 𝑚2�̇�(𝐿, 𝑡)2 + ∫ 𝜌𝐴�̇�(𝑥, 𝑡)2𝑑𝑥
𝐿

0
)     (2) 

 

Similarly, the Dissipation Energy for the system is given by 

Eq. (3) 
 

𝐷 =
1

2
𝑐1(𝑥1̇ − �̇�)2 +

1

2
𝑐2(�̇�(0, 𝑡) − 𝑥1̇)2            (3) 

  
Using the Hamilton principle, the governing partial 

differential equation of motion are obtained as 

 

𝛿 ∫ 𝐿𝑑𝑡 + 𝛿𝑤𝐷 = 0
𝑡2

𝑡1
                           (4) 

 

Where 𝛿 is the first variation operation and 𝑡1 and 𝑡2 

represent the time period. 𝛿𝑤𝐷 is given by Eq. (5) and L can be 

found by subtracting the potential energy of the system from the 

kinetic energy of the system, as shown in Eq. (6) 

 

𝛿𝑤𝐷 = −𝑐2(�̇� − �̇�(0, 𝑡))𝛿𝑥1 − 𝑐1(�̇� − �̇�)𝛿𝑥1           (5) 

 

L 
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𝐿 = 𝐾 − 𝑉 =
1

2
(𝑚1�̇�1

2 + 𝑚2�̇�(𝐿, 𝑡) + ∫ 𝜌�̇�
𝐿

0

(𝑥, 𝑡)2)

−
1

2
𝑘1(𝑥1 − 𝑦)2 −

1

2
𝑘2(𝑤(0, 𝑡) − 𝑥1)2

−
1

2
∫ 𝐸𝐴 (

𝜕𝑤(𝑥, 𝑡)

𝜕𝑥
)

2𝐿

0

 

   (6) 

 

The first equation of motion found for the system is given 

by Eq. (7) 
 

𝑚1𝑥1̈ + (𝑘1 + 𝑘2)𝑥1 + (𝑐1 + 𝑐2)𝑥1̇ − 𝑘2𝑤(0, 𝑡) −
𝑐2�̇�(𝑜, 𝑡) = 𝑘1𝑦 + 𝑐1�̇�                         

 (7) 
 

The second equation of motion is given by Eq. (8) 

 

𝜌�̈�(𝑥, 𝑡) − 𝐸𝐴
𝜕2𝑤(𝑥,t)

𝜕𝑥2 = 0                    (8) 

 

Similarly, the boundary conditions of the system were 

obtained as 

 

𝑚2�̈�(𝐿, 𝑡) = −𝐸𝐴
𝜕𝑤(𝐿,𝑡)

𝜕𝑥
                     (9) 

 

𝑘2(𝑤(0, 𝑡) − 𝑥1) + 𝑐2(�̇�(0, 𝑡) − 𝑥1̇) = 𝐸𝐴
𝜕𝑤(𝐿,𝑡)

𝜕𝑥
  (10) 

 

FINDING THE NATURAL FREQUENCIES AND MODE 
SHAPES 

To find the natural frequencies and mode shapes of the 

system, the damping coefficients of the system were set equal to 

zero. The solution of Eq. (8) is given as 

 

𝑊(𝑥, 𝑡) = (𝐴1 cos
𝜔

𝑐
𝑥 + 𝐴2 sin

𝜔

𝑐
𝑥) 𝑒𝑖𝜔𝑡         (11) 

Where 𝑐 = √
𝐸

𝜌
 

Assuming 𝑥1(𝑡) = 𝑋𝑒𝑖𝜔𝑡  and substituting the function for 

𝑥1(𝑡) and 𝑤(𝑥, 𝑡) in to the Eq. (7) yields Eq. (13) 

 

(−𝑚1𝜔2𝑋 + (𝑘1+𝑘2)𝑋 − 𝑘2𝐴1)𝑒𝑖𝜔𝑡 = 0 

 

→ 𝑋 =
𝑘2

−𝑚2𝜔2+(𝑘1+𝑘2)
𝐴1 → 𝑋 = 𝛼𝐴1;  𝛼 =

𝑘2

−𝑚2𝜔2+(𝑘1+𝑘2)
  (12) 

 

Using Eq. (10) and substituting Eq. (12) into it, the 

coefficient 𝐴2 in terms of 𝐴1is obtained  as 

 

 

𝐴2 =
𝑘2𝑐(1−𝛼)

𝐸𝐴𝜔
𝐴1    (13) 

 

 

 

 

The mode shape of the steering column is obtained as 

 

 

𝑌(𝑥) = 𝐴1 (cos
𝜔

𝑐
𝑥 +

𝑘2𝑐(1−𝛼)

𝐸𝐴𝜔
sin

𝜔

𝑐
𝑥)         (14) 

 

By substituting Eq. (14) into Eq. (9) we obtain the 

characteristic equation 

 

 

𝑡𝑎𝑛
𝜔

𝑐
𝑙 = 𝐸𝐴𝜔𝑐[

𝑘2(1−𝛼)−𝑚2𝜔2

𝐸2𝐴2𝜔2+𝑚2𝜔2𝑘2𝑐2(1−𝛼)
]          (15) 

RESULTS AND DISCUSSION 
Numerical results of this system are evaluated for the free 

vibration analysis using MATLAB©. The parameters of the 

system used for the analysis are taken from [13] and shown in 

Table 1.  

 

Table 1. Parameters for the Steering System [13] 

Parameters  

Mass of the steering box (𝐾𝑔) 𝑚1 = 16 

Mass of the wheel (𝐾𝑔) 𝑚2 = 3 

Stiffness of the base damper (𝑁/𝑚) 𝑘1 = 2740 

Stiffness of rubber pad (𝑁/𝑚) 

Damping coefficient of base damper (𝑁𝑠/𝑚) 

Damping coefficient of rubber pad (𝑁/𝑚) 

𝑘2 = 1490 

𝑐1 = 1.714 

𝑐2 = 0.588 

Diameter of steering column (𝑚) 𝐷 = 0.04 

Length of steering column (𝑚) 𝐿 = 1 

The Modulus of Elasticity (𝑁/𝑚2)  𝐸 = 200 ∗ 106 

The density of the steering column (𝑘𝑔/𝑚3)  𝜌 = 8000 

 

The natural frequencies of the system are obtained by 

solving the characteristic Eq. (14). The results are shown in Table 

2. 

 

Table 2. Natural Frequencies of the steering system (rad/s) 

Mode 1 2 3 4 5 

Natural 

Frequency 
1.42 3.26 62.96 132.82 207.22 

 

Figure 3 presents the six shape modes of the steering 

column. As observed, the first two modes are associated with the 

rigid motion of the discrete masses. These two modes are 

presented separately in Fig. 4 and Fig. 5 for more clarity.   
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Figure 3. The six mode of the steering column. 

 

 
Figure 4. The first mode shape of the steering column. 

 

 

 
Figure 5. The second mode shape of the steering column. 

 

 

 

Figure 6 through Fig. 11 show the variation of the first three 

natural frequencies with respect to parameters stiffness of 

dampers (𝑘1 𝑎𝑛𝑑 𝑘2), the mass of steering wheel (𝑚2) and 

length of the steering column.  

 

Figure 6 and Fig. 9 represent the changing of the first two 

natural frequencies with respect to stiffness of base damper 𝑘1. 

These figures show how the natural frequencies increase by 

increasing the parameter 𝑘1 for two different stiffness’ of the 

rubber 𝑘2. 

 

Figure 8 shows that increasing the stiffness of the rubber pad 

(𝑘2) has no significant effect on the third natural frequency. But 

the effect of the stiffness of the base damper (𝑘1) on the third 

natural frequency is still significant.  

 

Figure 9 through Fig. 11 show the variation of natural 

frequencies with respect to the changing the mass of steering 

wheel 𝑚2 for two different lengths of the steering column. The 

results indicate that by increasing 𝑚2the natural frequencies of 

the system decrease. This decrement is more significant in the 

third natural frequency as compared to the first two modes.  

 

 
Figure 6. Variation of the first natural frequency with 

respect to increasing the stiffness 𝐤𝟏 for two different 𝐤𝟐. 

 

 
Figure 7. Variation of the second natural frequency with 

respect to increasing the stiffness 𝐤𝟏 for two different 𝐤𝟐. 
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Figure 8. Variation of the third natural frequency with 

respect to increasing the stiffness 𝐤𝟏 for two different 𝐤𝟐. 

 

 
Figure 9. Variation of the first natural frequency with 

respect to increasing 𝐦𝟐  for two different lengths of the 

steering column. 

 

 
Figure 10. Variation of the second natural frequency with 

respect to increasing 𝐦𝟐  for two different lengths of the 

steering column. 

 

 
Figure 11. Variation of the third natural frequency with 

respect to increasing 𝐦𝟐  for two different lengths of the 

steering column. 

 

CONCLUSION 
In this study, electric power steering system vibration was 

analyzed using a continuous system model to better understand 

the cantilever effect of the steering column. The energy method 

was used to conduct the analysis. The equations of motion for 

the system were derived using Lagrangian method. Explicit 

expressions were presented for the characteristic equation and 

mode shape. 

Numerical examples were conducted to analyze the natural 

frequency of the system. The results showed that the natural 

frequency increases in general with increasing stiffness of both 

the rubber pad and base isolator. However, the stiffness of the 

rubber pad shows minimal effect on the third and higher order 

modes. The length of the steering column also effects the natural 

frequency and this effect is more pronounced in higher order 

modes. Increasing the mass of the steering wheel decreases the 

natural frequency of the system. However, this change is more 

significant for the third and higher order modes.  
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